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Preface

During the last decade, reduced order modelling has been a gained a growing interest in compu-
tational science and engineering and now plays an important role in bringing (and bridging) high
performance computing in fields across industrial domains, from mechanical to electronic engineer-
ing, the basic and applied sciences, including neuro-sciences, medicine, biology, chemistry, etc. An
increasingly important role for such methods is played in emerging application domains dominated
by multi-physics, multi-scale problems as well as uncertainty quantification.

This book seeks to introduce graduate students, professional scientists and engineers to a particular
branch of the development of reduced order modeling, characterized by providing reduced models
of a guaranteed fidelity. This is a fundamental development that enables the use to trust the output
of the model and balance the needs for computational efficiency and model fidelity.

The text develops these ideas by presenting the fundamentals with a gradually increasing complex-
ity, comparing with more traditional techniques and illustrating the performance through a few
carefully chosen examples. This text does not seek to replace review articles on the topics (such
as [127, 144, 129, 142, 143]) but aims to widen the perspectives on reduced basis methods and at
providing an integration presentation. This text begins with a basic setting to introduce the general
elements of certified reduced basis methods for elliptic affine coercive problems with linear com-
pliant outputs and then gradually widens the field with extensions to non-affine, non-compliant,
non-coercive operators, geometrical parametrization and time dependent problems.

We would like to point out some original ingredients of the text. Chapter 3 guides the reader through
different sampling strategies, providing a comparison between classic techniques based on Singular
Value Decomposition (SVD), Proper Orthogonal Decomposition (POD) and greedy algorithms. In
this context it also discusses recent results on a priori convergence in the context of the concept of
the Kolmogorov N-width [10]. Chapter 4 contains a thorough discussion of the computation of lower
bounds for stability factors lower bounds and a comparative discussion of the various techniques.
Chapter 5 focuses on Empirical Interpolation Method (EIM) [7], emerging as a standard element
to address problems exhibiting non-affine parameterizations and non-linearities. It is our hope that
these two last Chapters provides a useful overview of more recent material to allow readers inter-
ested in addressing more advanced problems to pursue the development of reduced basis methods
for applications of their interest. Chapter 6 offers an overview of a number of more advanced de-
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velopments and is intended as an appetizer more than a solution manual.

Throughout the text we provide some illustrative examples of applications in computational me-
chanics to offer the readers through the several topics. All main algorithmic elements are outlined
by graphical boxes to assist the reader in efforts to implement the algorithms, emphasizing a matrix
notation. An appendix with mathematical preliminaries is also included.

This book is loosely built upon a Reduced Basis handbook available online [122] and we thank the
co-author of this handbook, our colleague, Anthony T. Patera (MIT) for his encouragement, support
and advise in writing this book. It benefits from our long-lasting collaboration with him and his
many co-workers. We would like to acknowledge all the colleagues who contributed at several levels
in the preparation of this manuscript and related research. In particular, we would like to thank
Francesco Ballarin and Alberto Sartori for preparing representative tutorials and the new open
source software library available as companion to this book at http://mathlab.sissa.it/rbnics.
An important role and feedback have been played also by our several very talented and motivated
students attending regular doctoral and master classes at EPFL and SISSA (and ICTP), tutorials in
Minneapolis and Savannah, as well as several summer/winter schools on the topic in Paris, Cortona,
Hamburg, Udine (CISM), Munich, Sevilla, Pamplona, Barcelona, Torino, Bilbao.
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1

Introduction and Motivation

Models expressed as parametrized partial differential equations are ubiquitous throughout engineer-
ing and the applied sciences as models for unsteady and steady heat and mass transfer, acoustics,
solid and fluid mechanics, electromagnetics or problems of finance. In such models a number of
input-parameters are used to characterize a particular problem and possible variations in its geo-
metric configuration, physical properties, boundary conditions or source terms. The parametrized
model implicitly connects these input parameters to outputs of interest of the model, e.g., a max-
imum system temperature, an added mass coefficient, a crack stress intensity factor, an effective
constitutive property, a waveguide transmission loss, a channel flowrate or a pressure drop, etc.

While the development of accurate computational tools to allow the solution of such problems
clearly is of broad interest, we focus on problems in which the solution is sought for a large num-
ber of parameters. Examples of typical applications of relevance are optimization, control, design,
uncertainty quantification, real time query and others. In such cases it is not only the accuracy of
the model that matters, but the computational efficiency of the model is likewise critical. Similar
constraints emerge when real-time or near real-time responses are needed for rapid prototyping or
computer animations relying on models of increasing physical accuracy, for instance.

In such situations, we need the ability to accurately and efficiently evaluate an output of interest
when the input parameters are being varied. However, the complexity and computational cost
associated with solving the full partial differential equation for each new parameter value rules out
a direct approach. We must therefore seek a different approach that allows us to evaluate the desired
output at minimal cost, yet without sacrificing the predictive accuracy of the complex model.

The goal of this text is develop the basic foundation for a class of methods, known as reduced
basis methods, to accomplish this. As a convenient expository vehicle for the introduction of the
methodology, we primarily consider the case of linear functional outputs of parametrized linear
elliptic coercive partial differential equations. This class of problems, while relatively simple, is
relevant to many important applications in transport (e.g., conduction and convection-diffusion,
but also reaction) and continuum mechanics (e.g., linear elasticity, fluid mechanics). Furthermore,
they serve as examples to follow when considering more complex applications.

As we shall soon see, it is not the goal of the reduced basis methods to replace the expensive
computational model but rather to build upon it. Indeed, the accuracy of the reduced model will be
measured directly against the precision of the expensive computational model. This direct compar-
ison against the expensive model that allows us to verify the accuracy of the reduced model and,
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thus, certify the validity of the predicted output. In other words, the goal is to pursue an algorithmic
collaboration rather than an algorithmic competition with the expensive direct solution method.

It should be emphasized that although the focus is on the affine linear elliptic coercive case, the
reduced basis approximation and the error estimation methodology provides a much more general
methodology which allows extensions to non-affine, non-coercive, time-dependent, and, in some
cases, even nonlinear problems. Towards the end of this text we shall discuss some of the extensions
in some detail.

Before diving into the details of these methods, their derivation and analysis, let us in the
following offer a selective historical overview of the development of certified reduced methods as
well as a brief discussion of the content of the text and its use.

1.1 Historical background and perspectives

The central idea of the reduced basis approach is the identification of a suitable problem-dependent
basis to effectively represent parametrized solutions to partial differential equations. In this simple
interpretation, this is certainly not a recent idea and initial work grew out of two related lines of
inquiry: one focusing on the need for effective, many-query design evaluation [44], and one from the
desire for efficient parameter continuation methods for nonlinear problems [4, 114, 115, 117].

These early approaches were soon extended to general finite-dimensional systems as well as
certain classes of differential equations [8, 43, 88, 116, 126, 134, 135]. Furthermore, a number of
different techniques for the identification of different reduced basis approximation spaces, exempli-
fied by Taylor and Lagrange expansions [125] and more recently also Hermite [70] expansions, have
emerged [79]. Further early work focused on different applications and specific classes of equations,
e.g., fluid dynamics and the incompressible Navier-Stokes equations [54, 69, 70, 71, 123].

In this early work, the approximation spaces were local and typically low-dimensional in the
number of parameters. Furthermore, the absence of a posteriori error estimators left open questions
of the accuracy of the reduced model. This is problematic since ad hoc predictions using a reduced
basis, based on sample points far away from the point of interest, is likely to result in an inaccu-
rate model. An a posteriori error estimator is crucial to determine the reliability of the output.
Furthermore, sophisticated sampling strategies across the parameter space are crucial to ensure
convergence and computational efficiency. This, again, relies on the availability of techniques for
effective a posteriori error estimation.

Substantial recent efforts have been devoted to the development of techniques to formulate a
posteriori error estimation procedures and rigorous error bounds for outputs of interest [127]. These
a posteriori error bounds subsequently allow for the certification of the output of the reduced basis
model for any parameter value.

However, the development of effective sampling strategies, in particular in the case of many pa-
rameters [31, 138, 156, 103], can also be aided by the error estimators. These can play an important
role in the development of efficient and effective sampling procedures by utilizing inexpensive error
bounds to explore much larger subsets of the parameter domain in search of the most representative
snapshots, and to determine when the basis is sufficiently rich.

We note here that such sampling techniques, often of a greedy nature, are similar in objec-
tive to, but very different in approach from, the more well-known methods of proper orthogonal
decomposition (POD) [53, 78, 89, 133, 151, 157]. While the former is directly applicable in the
multi-dimensional parameter domain, the latter is most often applied only in the one-dimensional
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space. Furthermore, the POD approach, relying on the identification of the suitable reduced model
by a singular value decomposition of a large number of snapshots, is often prohibitively expensive
in the offline phase. However, POD techniques can be combined with the parametric RB approach
[16, 30, 55]. A brief comparison of greedy and POD approaches for reduced basis constructions can
be found in [122, 144].

Early developments of reduced basis methods did not fully decouple the underlying finite element
approximation of the parametrized partial differential equation from the subsequent reduced basis
projection and its evaluation. As a result, the computational savings offered by the reduced basis
approach were typically rather modest [114, 125, 126] despite the small size of the resulting reduced
basis problem.

Recent work has focused on achieving a full decoupling of the finite element scheme and the
reduced order model through an offline-online procedure. In this approach, the complexity of the
offline stage depends on the complexity of the finite element approximation of the parametrized
partial differential equation, while the complexity of the online stage depends solely on the complex-
ity of the reduced order model. When combined with the a posteriori error estimation, the online
stage guarantees the accuracy of the high-fidelity finite element approximation at the low cost of a
reduced order model.

For the case of an affine parameter dependence, in which case the spatial and the parametric
dependence in the operator is separable, this offline-online decomposition is natural and has been re-
invented repeatedly [6, 69, 123]. However, the combination of this with the rigor of the a posteriori
error estimate is more involved and more recent [67, 127]. In the case of nonaffine parameter
dependence, the development of offline-online strategies is much less transparent, and has only
recently been addressed by the development of the empirical interpolation method [7, 50, 140, 23,
18]. This last development, essential for the overall efficiency of the offline-online decomposition, has
opened up for the development of reduced basis methods and their use in real-time and many-query
contexts for complex applications, including nonlinear problems.

We note that historically reduced basis methods have been quantified relative to the underlying
finite element discretizations [43, 93, 96, 94, 95, 121]). However, there are good reasons to consider
alternatives, e.g., a systematic finite volume framework for reduced basis approximation and a
posteriori error estimation has been developed in [37].

The reduced basis approach can be extended to the more general case of non-coercive problems.
Extensions to Maxwell equations have demonstrate the potential for reduced basis techniques within
such a context [26, 27, 29]. The development of reduced basis models for problems described by
boundary and integral equations is more complicated since the operators typically are non-affine.
However, recent work has demonstrated its potential rapid evaluation of electromagnetic scattering
applications [42, 45, 58].

The special issues associated with saddle-point problems [11, 14], in particular the Stokes equa-
tions of incompressible flow, are addressed for divergence-free spaces in [54, 70, 123] and non-
divergence-free spaces in [137, 149, 48]. A reduced basis optimal control saddle-point framework is
introduced in [109, 24].

A recent development, initiated in [112], is the use of reduced basis methods for homogenization
[12] and to accelerate multi-scale methods, including heterogeneous multi-scale methods [76, 1, 2, 3]
reduced order multi-scale finite element methods [60].

The exploration of a 'parameter + time’ framework in the context of affine linear parabolic par-
tial differential equations, e.g., the heat equation and the convection-diffusion equation, is discussed
at length [49, 52].
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Reduced basis methods can be effectively applied also to nonlinear problems [51, 17, 74], although
this typically introduces both numerical and theoretical complications, and many questions remain
open. For classical problems with a quadratic nonlinearity, there has been substantial progress, e.g.,
Navier-Stokes/Boussinesq and Burgers’ equations in fluid mechanics [123, 156, 155, 31, 128, 35, 148]
and nonlinear elasticity in solid mechanics.

A posteriori error bounds introduced for linear problems can be effectively extended to steady
nonlinear problems (see e.g. [154] for steady incompressible Navier-Stokes equations). However, the
most important challenge deals with the reliability and/or the certification of the methodology in
the unsteady parabolic problems [113, 77, 81]. In such cases, the exponential growth of the estimate
seriously compromises a priori and a posteriori error estimates, yielding bounds which are limited
to modest (final) times and modest Reynolds numbers [73].

Efforts dealing with (homogeneous or even heterogeneous) couplings in a multiphysics setting,
based on domain decomposition techniques, is an area of recent activity. A domain decomposition
approach [131, 132], combined with a reduced basis method, has been successfully applied in [94,
97, 92] and further extensions discussed in [68, 72, 65]. A coupled multiphysics setting has been
proposed for simple fluid-structure interaction problems in [85, 84, 80] and [106] for Stokes-Darcy.

Optimal control [130, 152, 34, 153, 139, 136, 110, 75] as many-query applications continues to
be a subject of extensive research and is often of interest also in an industrial context. A main
area is the study of efficient techniques to deal with geometric parameters in order to keep the
number of parameters manageable while guaranteeing versatility in the parametrization to enable
representation of complex shapes. Recent works [86, 146, 105, 147] deal with free-form deformation
techniques combined with empirical interpolation in bio-medical and aerodynamic problems.

Another active field relates to the development and application of the reduced basis methodology
in the context of the quantification of uncertainty, offing another example of application where
many-query problems arise naturally [13, 111, 62]. Such problems are often characterized by having
a high-dimensional parameter space and recent work has focused on the development of efficient
ways to explore the parameters space, e.g., modified greedy algorithms and combined adaptive
techniques [56, 21, 22], and hp-reduced basis method [40, 39]. At the same time, improvements in a
posteriori error bounds for non-affine problems [38], the reduction of the computational complexity
for high-dimensional problems and more efficient estimation of lower bounds of stability factors for
complex non-affine problems [87, 82] are under investigation.

In parallel with many of these more fundamental and algorithmic developments, there are sub-
stantial activities seeking to improve the computational performance for complex problems by
performing the offline work on large scale computational platforms and allow the use of the reduced
models on deployed platforms [63].

This brief overview does not pretend to be complete and there are numerous other activities in
this fast growing research area in which many advances can be expected in the coming years.

1.2 Brief overview of the text and its use

The main target audience of this brief introduction to certified reduced basis methods are researchers
with an interest and a need to understand the foundation of such techniques. While it is not intended
to be a textbook, it can certainly be used as part of an advanced class and is intended to provide
enough material to enable self study and further exploration of more advanced reference material.

To fully benefit from the text, a solid background in finite elements methods for solving linear
partial differential equations is needed and an elementary understanding of linear partial differential
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equations is clearly beneficial. Many ideas and concepts will be introduced throughout the text but
rather than providing a complete treatment, we strive to offer references that allows the reader to
dive deeper into these as needed.

What remains of the text is organized into 5 additional chapters. In Chapter 2 we describe the
basic setting for the affine linear elliptic coercive setting and introduce two illustrative examples
that we shall revisit throughout the text to illustrate the performance of the reduced basis methods
on successively more complex aspects of the two problems.

Chapter 3 is a key chapter which is strictly devoted to a discussion of the reduced basis methodol-
ogy. In particular we discuss the reduced basis Galerkin projection and optimality, greedy sampling
procedures for the construction of the basis in an optimal manner and recall central elements of the
convergence theory.

In Chapter 4 we present the central ideas that allow for the development of rigorous and relatively
sharp a posteriori output error bounds for reduced basis approximations. This also includes a
discussion of methods for the accurate and efficient estimation of the lower bound of the coercivity-
constant, required as part of the a posteriori error estimation procedure.

This sets the stage for Chapter 5 where we pursue the first extension of the basic methodology
and discuss the formulation of reduced basis methods for non-affine problems. As we shall realize,
the assumption of an affine operator is critically related to the efficiency of the reduced basis method
and we discuss a strategy that reduces non-affine operators and data to an approximate affine form.
This reduction must, however, be done efficiently to avoid a proliferation of parametric functions
and a corresponding degradation of the online response time. This extension, presented in detail in
Chapter 5 is based on the Empirical Interpolation Method which we discuss in detail. We shall also
demonstrate how this approach allows for the treatment on nonlinear problems.

With the central elements of the reduced basis techniques having been developed in Chapters 3-
5, the final Chapter 6 is devoted to a discussion of a few more advanced developments. In particular,
we discuss the development of reduced basis methods for time-dependent problems, problems with
a non-compliant output function, non-coercive problems and problems with a parametrization of
the geometry.

Throughout the text we emphasize the algorithmic aspects of the reduced basis methods. In
particular, for all central elements of the approach we provide an algorithmic breakdown as well
as an illustration of the algorithm in a matrix-centric approach. It is the hope that this will assist
readers in the implementation of the ideas and easy adoption to problems of their own interest.

1.3 Software libraries with support for reduced basis algorithms and
applications

During recent years, software libraries have been developed or extended to include reduced basis
algorithms and their application. We provide here a list that, to the best of our knowledge, accounts
for available resources at this time. Note that this is provided as a resource only and no guarantees
are offered. Questions should be addressed to the authors of the individual software.

e rbMIT:
http://augustine.mit.edu/methodology/methodology rbMIT_System.htm.
This is a MATLAB based library, provided as a companion to the book [122], available at the same
link. This library emphasizes geometric affine parametrization of domains and includes primal-
dual formulation, offline-online computational steps, error bounds, parametrized stability factor



6

1 Introduction and Motivation

approximation by the Successive Constraint Method, as well as greedy and POD-greedy sam-
pling procedures for basis assembly. Numerous examples are available in heat and mass transfer,
linear elasticity and potential flows. Truth solutions are provided by the finite element method.

RBMATLAB:
http://www.ians.uni-stuttgart.de/MoRePaS/software/rbmatlab/1.13.10/doc/index . .html.
This is a MATLAB library containing reduced simulation methods for linear and nonlinear, affine

or arbitrarily, parameter dependent evolution problems with finite element, finite volume or
local discontinuous Galerkin discretizations.

rbOOmit:
http://augustine.mit.edu/methodology/methodology rbAPPmit _Client_Software.htm.
This is a package for 1ibMesh (http://libmesh.github.io/), a C++ library for parallel adap-
tive mesh refinement/coarsening simulations, containing an open source implementation of the
certified Reduced Basis method for Android smartphones.

pyMOR:
http://www.pymor.org/.
This is a software library for building model order reduction applications using Python.

Feel++:

http://www.feelpp.org/.

A C++ library for partial differential equation, solved using generalized Galerkin methods, such
as the finite element method, the h/p finite element method, the spectral element method or
reduced basis methods.

DUNE-RB:

http://users.dune-project.org/projects/dune-rb/wiki.

This is a module for the Dune library (www.dune-project.org) with C++ template classes for
use in snapshot generation and the reduced basis offline phases for various discretizations. The
focus is on efficient parallel snapshot generation.

FreeFem++:

http://www.freefem.org/ff++/.

This is a partial differential equation solver based on its own language. FreeFem scripts can be
used to solve multiphysics non linear systems in 2D and 3D, including some support for reduced
methods. Tutorials on POD and reduced basis methods are available.

RBniCS:

http://mathlab.sissa.it/rbnics.

This software is developed for the construction of the Examples in this book and has been used
throughout. The package is based on Python. The high order finite element solver, providing
the truth approximation, is based on the FEniCS project (http://fenicsproject.org/).
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Parametrized Differential Equations

2.1 Parametrized variational problems

Let us first introduce a (suitably regular) physical domain 2 € R? with boundary 92, where
d = 1,2, or 3 is the spatial dimension. We shall consider only real-valued field variables. However,
both scalar-valued (e.g., temperature in a Poisson conduction problems) and vector-valued (e.g.,
displacement in a linear elasticity problem) field variables w : £2 — R% may be considered: here d,,
denotes the dimension of the field variable; for scalar-valued fields, d, = 1, while for vector-valued
fields, d, = d. We also introduce (boundary measurable) segments of 92, I'?, 1 < i < d,, over
which we will impose Dirichlet boundary conditions on the components of the field variable.
Let us also introduce the scalar spaces V;, 1 < i < d,,

Vi:Vi(Q):{UGHl(Q)‘ﬂFiD:0}, 1<i<d,.

In general H}(2) C V;, € HY(2), and for I'P = 002, V, = H}(£2). We construct the space in
which our vector-valued field variable shall reside as the Cartesian product V.= V; x ... Vg4 ; a
typical element of V is denoted w = (ws,...,wq,). We equip V with an inner product (w,v)y,
Y w,v, €V, and the induced norm ||w|y = v/(w,w)y, Vw € V: any inner product which induces a
norm equivalent to the (H'(£2))% norm is admissible. Therefore, V is a Hilbert space.

We finally introduce a (suitably regular) closed parameter domain P € R a typical parameter

(or input) point, or vector, or P-tuple, denoted as pt = (p), fiz), - - - » f4p))- We may thus define our
parametric field variable as u = (uq,...,uq,): P — V; here, u(u) denotes the field for parameter
value p € P.

2.1.1 Parametric weak formulation

Let us briefly introduce the general stationary problem in an abstract form. All of the working
examples in this text can be cast in this framework. We are given parametrized linear forms f :
VXxP — Rand £ : VxP — R where the linearity is with respect to the first variable, and a
parametrized bilinear form a : V X V x P — R where the bilinearity is with respect to the first two
variables. Examples of such parametrized linear forms are given in the two examples of Section 2.3.
The abstract formulation reads: given u € P, we seek u(u) € V such that

a(u(p),v;p) = f(osp),  Vvev, (2.1)
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and evaluate

s(p) = L(u(p); ). (2.2)
Here s is an output of interest, s: P — R is the input (parameter)-output relationship, and ¢ takes
the role of a linear “output” functional which links the input to the output through the field variable

u(p).
In this initial part of the text we assume that problems of interest are compliant. A compliant

problem of the form (2.1)—(2.2) satisfies two conditions:
(i)  L(-;p)=f(-;p), V€ P — the output functional and load/source functional are identical,
(ii)  the bilinear form a( -, -; ) is symmetric for any parameter value pu € P.

Together, these two assumptions greatly simplify the formulation, the a priori convergence theory
for the output, and the a posteriori error estimation for the output. Though quite restrictive, there
are many interesting problems fulfilling this requirement across mechanics and physics, e.g., material
properties, geometrical parametrization, etc. However, we return to the more general non-compliant
case in the final Chapter 6.

2.1.2 Inner products, norms and well-posedness of the parametric weak formulation

The Hilbert space V is equipped with an intrinsic norm || - ||y. In many cases this norm coincides
with, or is equivalent to, the norm induced by the bilinear form a for a fixed parameter i € P:

(w,v)v = (w,v); (= alw,v; 1)), Vw,vevV, (2.3)

lolly = llwlls (= Valwwim). Vuwev.

The well-posedness of the abstract problem formulation (2.1) can be established by the Lax-Milgram
theorem [131]. In order to state a well-posed problem for all parameter values u € P, we assume in
addition to the bilinearity and the linearity of the parametrized forms a(-,-; u) and f(-; ), that

(i) a(-, -;p) is coercive and continuous for all i € P with respect to the norm ||-||v, i.e., for every
u € P, there exists a positive constant a(u) > o > 0 and a finite constant y(u) < v < oo
such that

a(v,v3p) > a(u) ol and  a(w,v;p) < y(R) [wllv [[o]lv, (2.4)
for all w,v € V.

(i)  f(-;p) is continuous for all p € P with respect to the norm || - ||v, i.e., for every p € P, there
exists a constant d(u) < 0 < oo such that

flosp) <o(p) vllv, Vo eV.

The coercivity and continuity constants of a(-, -;u) over V are, respectively, defined as
a(p) = inf (1(1),71);2,11)7 and (@) = sup sup M, (2.5)
vev  |v||$ wev vev [[wllvllvllv

for every p € P.
Finally, we also may introduce the usual energy inner product and the induced energy norm as
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(w,v), = alw,v; 1), Yw,veV, (2.6)

lwlly = Va(w, w; ), VweV, (2.7)

respectively; note that these quantities are parameter-dependent. Thanks to the coercivity and
continuity assumptions on a, it is clear that (2.6) constitutes a well-defined inner product and (2.7)
an induced norm equivalent to the || - ||y-norm.

2.2 Discretization techniques

This section supplies an abstract framework of the discrete approximations of the parametric weak
formulation (2.1) for conforming approximations, i.e., there is a discrete approximation space Vs
in which the approximate solution is sought. This is a subset of V, i.e., Vs C V. The conforming
nature of the approximation space Vs is an essential assumption in the upcoming presentation of
the method in Chapter 3, and for the error estimation discussed in Chapter 4.

As an example, the approximation space Vs can be constructed as a standard finite element
method based on a triangulated and using piece-wise linear basis functions Other examples include
spectral methods or higher order finite elements, provided only that the formulation is based on a
variational approach.

We denote the dimension of the discrete space Vs by N5 = dim(Vs) and equip Vs with a
basis {;} 2% . For each y € P, the discrete problem consists of finding us(u) € Vs such that

a(us(p),vs; p) = fvssp), Vs € Vs, (2.8)

and evaluate
ss (1) = L(us(p); ).

This problem is denoted as the truth problem . It is a solver of choice in the case where the solution
needs to be computed for one parameter value only and it is assumed that this solution, called the
truth approximation , can be achieved with as high accuracy as desired.

The computation of the truth solution is, however, potentially very expensive since the space
Vs may involved many degrees of freedom Ny to achieve the desired accuracy level. On the other
hand, it provides an accurate approximation us(u) in the sense that the error ||u(p) — us(p)||v is
acceptably small. This model is sometimes also referred to as high fidelity model.

We note that due to the coercivity and continuity of the bilinear form, and the conformity of
the approximation space, we ensure the Galerkin orthogonality

a(u(p) —us(p),vs; ) =0, Vus € Vs,
to recover Cea’s lemma. Indeed, let vs € V5 be arbitrary and observe that

[u(p) = us()llv < llu(p) = vsllv + llvs — us () lv,

by the triangle inequality. Furthermore, it holds that

a(p)lvs — us(L)IF < alvs — us(p), vs — us(p); 1) = alvs — ulp), vs — us(p); 1)
< () lvs — w(p)llv llvs — us () llv



10 2 Parametrized Differential Equations

‘ Linear algebra box: The truth solver

We denote the stiffness matrix and the right hand side of the truth problem by Af € RN XNs and
i e R™M5 | respectively. Further, we denote by Ms € RY6*Ns the matrix associated with the inner
product (-, -)y of Vs, defined as

(Ms)i; = (35, pi)v, (A5)ij = alewj, pis 1), and  (f5): = f(pis p),

for all 1 <14,57 < Ns. We recall that {Lpi}fv:“l is of a basis of V5. Then, the truth problem reads: for each
w € P, find uf € RYs s.t.
Al uf =1F.

Then, evaluate the output functional (in the compliant case)
ss(p) = (uh)" 2.

The field approximation wus(u) is obtained by us(p) = Zé\f:‘sl(ug)i@i where (uf); denotes the i-th
coefficient of the vector uf.

by applying the coercivity assumption, the Galerkin orthogonality and the continuity assumption
to obtain

o)~ us(ll < (14 223 int o) = vl

This implies that the approximation error ||u(u) — ugs(p)||v is closely related to the best approxi-
mation error of u(p) in the approximation space Vs through the constants « (i), v(u). More details
on the numerical analysis of unparametrized problems can be found in the Appendix.

The linear algebra box The truth solver illustrates the implementation of the truth solver on the
level of linear algebra. The size of the unknown vector is Ns and the size of the stiffness matrix is
N;s x Ns. Depending on the solver of choice to invert the linear system and the properties of the
stiffness matrix, the operation count of the map p — ss(p) is O(Ns*), for a > 1, but in any case
dependent of Nj.

2.3 Toy problems

We want to consider simple parametrized examples, intended to be representative of larger classes
of problems, to motivate the reader. We consider two model problems: a (steady) heat conduction
problem with conductivity and heat flux as parameters; and a linear elasticity problem with load
traction conditions as parameters.

We will present generalizations of these examples later in this text in Chapters 5 and 6. We thus
limit ourselves to the following problems only for the introduction of the topic and present some
advanced examples later.

2.3.1 Illustrative Example 1: Heat Conduction part 1

We consider a steady heat conduction problem (we refer the reader in need of more infomation
about thermal problems to [108]) in a two-dimensional domain {2 = (—1,1) x (—1, 1) with outward
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Fig. 2.1: Geometrical set-up (left) of the heat conductivity problem, illustrative Example 1, and
(right) the elasticity problem, illustrative Example 2.

pointing unit normal n on 9f2. The boundary 0f2 is split into three parts: the bottom [}ase =
(—1,1) x {—1}, the top Iiop = (—1,1) x {1} and the sides I'siqe = {£1} x (—1,1). The normalized
thermal conductivity is denoted by k. Let {29 be a disk centered at the origin of radius o = 0.5
and define §2; = Q\Q_o Consider the conductivity  to be constant on {29 and (21, i.e.

Klo, = Ko and Klo, = 1.

The geometrical set-up is illustrated in Figure 2.1.

We consider P = 2 parameters in this model problem. The first one is related to the conductivity
in 2, i.e. puy; = Ko. We can write k, = 1o, + pin1,, where 1 is the characteristic function of the
corresponding set in the sub-script. The second parameter p, reflects the constant heat flux over
Iase. Our parameter vector is thus given by g = (s fy2)-

The scalar field variable u(u) is the temperature that satisfies Poisson’s equation in (2; homo-
geneous Neumann (zero flux, or insulated) conditions on the side boundaries [4e; homogeneous
Dirichlet (temperature) conditions on the top boundary It.p; and parametrized Neumann condi-
tions along the bottom boundary I}age.

The output of interest is the average temperature over the base made up by [hase. Note that
we consider a non-dimensional formulation in which the number of physical parameters has been
kept to a minimum.

The strong formulation of this parametrized problem is stated as: for some parameter value
u € P, find u(p) such that

V -k, Vu(p) =0 in {2,
u(p) =0 on Iiop,

K’/J«VU’(M) n=0 on Ijiqe,

KpVu(p) -n = fip; on Ipase-

The output of interest is given as

() = £(u(u); 1) = /F u(p).

We recall that the function space associated with this set of boundary conditions is given by
V = {v € HY(R) | v|p,,, = 0}: the Dirichlet boundary conditions are essential; the Neumann
boundary conditions are natural.
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i
e

Fig. 2.2: Finite element mesh for Example 1 (left) and Example 2 (right).

The weak parametrized formulation then reads: for some parameter p € P, find u(p) € V such
that

a(u(p),v;p) = flosp)  VoeV,
with
a(w, v; p) =/ Kk Vw - Vo and floip) = Mm/ v,
Q

Fbase

for all v,w € V. We endow the space V with the scalar product
(v,w)V:a(v,w;ﬁ):/ Vw - Vo, Vw,v eV,
Q

for ji = (pupyys puz) such that i = 1. For the problem to be well-posed, we assume that pfi™ > 0
so that k, > min(1, uﬁl]i“) > 0 and coercivity of the bilinear form a follows. Further, continuity
of the forms a and f can be easily obtained using the Cauchy-Schwarz inequality; and linearity
and bilinearity can be easily verified as well. We can therefore apply the Lax-Milgram theorem to
guarantee existence and uniqueness of the solution u(u) € V for any parameter value p € P.

A conforming discretization introduces a finite-dimensional subspace Vs C V, for instance a
standard finite element space. Following the Galerkin approach we obtain the following discrete

problem: for some parameter p € P, find us(u) € Vs such that

a(us(p),vs; ) = f(vs 1) Vs € Vs.

In the following illustration, the finite element method, employing piece-wise linear elements, has
been chosen as the truth model. The mesh is illustrated in Figure 2.2 (left) featuring 812 elements.
The chosen ranges for the parameters are

on = (M[l],u[?]) S IED = [017 10] X [—1, 1]

In Figure 2.3, four representative solutions - snapshots - are depicted for different values of the
parameters.
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Fig. 2.3: Four different representative solutions for the parametrized conductivity problem (Exam-
ple 1).

2.3.2 Illustrative Example 2: Linear Elasticity part 1

We consider a linear elasticity example [33, 90] in the two-dimensional domain {2 = (0,1) x (0, 1),
shown in Figure 2.1 with 9 mini-blocks (2;, where the Young’s modulus on each mini-block is denoted
by F; and the Poisson’s ratio is set to v = 0.30. The outward pointing unit normal on 94?2 is denoted
by n.

We consider P = 11 parameters: the 8 Young’s moduli with respect to the reference value
E = Eg = 10 set in {29 and the 3 horizontal traction/compression load conditions at the right
border of the elastic block. Our parameter vector is thus given by p = (i, - - -, fhry) and we choose
for our parameter domain P = [p{™, p{{¥] X - -+ x [u{p", pipi*] where

[min, pt] = [1,100],  p=1,...,8,
(e ] = [-1,1],  p=9,...,1L

The local Young’s moduli are given by E; = u,, E.

Our vector field variable u(p) = (u1(p), uz(p)) is the displacement of the elastic block under
the applied load: the displacement satisfies the plane-strain linear elasticity equations in (2 in
combination with the following boundary conditions: homogeneous Neumann (load-free) conditions
are imposed on the top and bottom boundaries Iiop and Ihase of the block; homogeneous Dirichlet
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(displacement) conditions on the left boundary Ies; (the structure is clamped); and parametrized
inhomogeneous Neumann conditions on the right boundary I}ign, = 1 U 5 U I3 with zero shear.
The non-trivial (inhomogeneous) boundary conditions are summarized as follows

N U= [l on I,
n-U = fpo on Iy,
n-U = fpy on I3,

representing traction loads. The output of interest s(u) is the integrated horizontal (traction/compression)
displacement over the full loaded boundary Iigh:, given by

st = [ o m)

This corresponds to the compliant situation as we will see later.
The function space associated with this set of boundary conditions is given by

V= {U € (HI(Q))2 | IU‘Fleft = 0}

Hence, the Dirichlet interface and boundary conditions are essential and the Neumann interface
and boundary conditions are natural. We then define the load (and also output) functional

fi(v;,u):/ vy, Vo= (v,v2) €V and i=1,2,3,

such that s
vip) = puira fi(vi ).
i=1

The bilinear form associated with the left-hand-side of the problem is given by:

(%Z ov; owy,
E E C; E —Ciit—,
a(w,v; ) i) / ]kl + . Bz jklal

where i, is the ratio between the Young modulus in (2, and (2.
For our isotropic material, the elasticity tensor is given by

Cijrt = N60k1 + N2 (8651 + dudjn)

where L
v
M= — - d N=_—"
Arv)(1—20) ™ 20 +v)
are the Lamé constants for plane strain. We recall that the Poisson’s ratio is set to v = 0.30. The
weak form is then given by (2.1)—(2.2). The inner product is specified by (2.3),

v,
(v,w)y = a(v E/ vi Cijrl k, Vw,v eV,
Oy

for some 7 € P satisfying @, = 1, for all 1 <p < 8.
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Fig. 2.4: Four representative solutions for the laterally loaded (traction/compression) elastic block

(Example 2).

We can now readily verify our hypotheses. First, it is standard to confirm that f is indeed
bounded. Second, we readily confirm by inspection that a is symmetric, and we further verify by
application of the Korn inequality [91] and the Cauchy-Schwarz inequality that a is coercive and
continuous, respectively.

The finite element method, employing piece-wise elements, has been chosen as the truth model.
In Figure 2.2 (right) the mesh is represented, featuring 4’152 elements. In Figure 2.4, four repre-

sentative solutions are illustrated.
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Reduced Basis Methods

With target applications characterized by computationally intensive parametrized problems that
require repeated evaluation, it is clear that we need to seek alternatives to simply solving the full
problem many times. This is exactly the place where reduced models have it place and we are now
ready to dive deeper into a discussion of central elements of the certified reduced basis method.

While this initial discussion is the main topic of this chapter we will quickly observe that several
elements have to come together to fully realize the method. Some of these elements are not discussed
in detail until in later chapters, and are simply stated as assumptions within this chapter.

When introducing reduced models it is inevitable to familiarize the reader with the notion of a
solution manifold , that is the set of all solutions to the parametrized problem under variation of
the parameter. The final goal of RBM is to approximate any member of this solution manifold with
a low number of, say IV, basis functions. This set of basis functions is denoted as the reduced basis

The reduced basis method is based on a two stage procedure, comprising an offline and an
online stage. During the potentially very costly offline stage, one empirically explores the solution
manifold to construct a reduced basis that approximates any member of the solution manifold to
within a prescribed accuracy. As this involves the solution of at least NV truth problems, each with Ny
degrees of freedom, the cost can be high. This results in the identification of an linear N-dimensional
reduced basis. The online stage consists of a Galerkin projection, using the parametrized bilinear
form a( -, -; u) with a varying parameter value 1 € P, onto the space spanned by the reduced basis.
During this stage, one can explore the parameter space at a substantially reduced cost, ideally at
a cost independent of Nj.

This offline/online separation is beneficial in at least two different scenarios. First, if the reduced
basis approximation needs to be evaluated for many parameter values, a direct evaluation of the
truth could be prohibitive. Typical examples can be found in areas of optimization, design, uncer-
tainty quantification, query of simulation based databases etc. Secondly, the online procedure can
be embedded in a computer environment that has only limited computational power and memory
to allow rapid online query of the response of an otherwise complex system for control, visualization
and analysis using a deployed device.
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3.1 The solution manifold and the reduced basis approximation

Our primary interest is the solution of the parametric exact problem (2.1) given as: find u(u) € V
such that

a(u(p),vip) = f(o;p), Vv eV.

We shall refer to this as the exact solution . Let us introduce the notion of solution manifold
comprising of all solutions of the parametric problem under variation of the parameters, i.e.,

M =A{u(p) | peP}CV,

where each u(p) € V corresponds to the solution of the exact problem.
In many cases of interest, the exact solution is not available in an analytic or otherwise simple
manner, and we seek an approximate solution by seeking us(u) € Vs such that

aus(p),vs; p) = f(vsip), Vus € Vs, (3.1)

referred to as the truth. Throughout the subsequent discussion we assume that ||u(u) — us(p)|lv
can be made arbitrarily small for any given parameter value, yu € P. This simply states that we
assume that a computational model is available to solve the truth problem, thus approximate the
exact solution at any required accuracy. However, we shall not specify the details of this other than
we will require it to be based on variational principles. This accuracy requirement also implies that
the computational cost of evaluating the truth model may be very high and depend directly on
N5 = dlm(V(;)
Following the definition for the continuous problem, we also define the discrete version of the
solution manifold
Ms ={us(p) [ p € P} C Vs, (3:2)

where each us(p) € Vi corresponds to the solution of the parametric truth problem (3.1).

A central assumption in the development of any reduced model is that the solution manifold
is of low dimension, i.e., that the span of a low number of appropriately chosen basis functions
represents the solution manifold with a small error. We shall call these basis functions the reduced
basis and it will allow us to represent the truth solution, us () based on an N-dimensional subspace
Vi of V. Let us initially assume that an N-dimensional reduced basis, denoted as {§n}fl\’:1 C Vs,
is available, then, the associated reduced basis space is given by

Vo = span{&y, ..., En} C Vs.

The assumption of the low dimensionality of the solution manifold implies that N < Ns. Given
the N-dimensional reduced basis space Vyy,, the reduced basis approximation is sought as: for any
given p € P, find upp (1) € Vyp s.t.

a(Urp (1), Veo; 1) = f(vros 1), Vorp € Vi, (3.3)

and evaluate
sro(p) = furs(p); 1), (3.4)
since we assume to be in the compliant case. Otherwise it would be spp(pt) = €(urn(1t); ). Since the
basis functions of Vyy, are given by &1,...,&N, we can represent upp, () by um (i) = 27]:[:1(u5b)n &n

where {(uf},),}Y_; denote the coefficients of the reduced basis approximation. In the linear algebra
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‘ Linear algebra box: The reduced basis approximation

Let {&n 521 denote the reduced basis and define the matrix B € RY6*¥ such that

Ns
=il

i.e., the n-th column of B denotes the coefficients when the n-th basis function &, is expressed in terms
of the basis functions {apl}ivjl Then, the reduced basis solution matrix A% € RV*Y and right hand
side f% € RN defined by

(Afb)mn = a(&n,Em; 1), and (fﬁ;)m = f(&m; 1), 1<n,m< N,

can be computed by
Al =B" A B, and  f4 =B" ¥

The reduced basis approximation uw () = Zgzl(u’r‘b)n &, is obtained by solving the linear system
Afb ufb = f#w

and the output of interest evaluated as sq(p) = (u/)T £,

box The reduced basis approximation we further explain the reduced basis approximation at the level
of the involved linear algebra.

Within this setting, we can now begin to consider a number of central questions, related to the
computational efficiency and accuracy of the reduced model as a representation of the truth approx-
imation across the parameter space. If we begin by assuming that the reduced basis approximation
is available, questions of accuracy can be addressed by considering the simple statement

[u(p) = wr () llv < flu(p) = us(w)llv + llus () = wen(w)llv-

For a given parameter value, p € P, we assume that the accuracy of the first part on the right
hand side can be controlled by the accuracy of the truth approximation as assumed above. This
assumption also extends to the solution manifold for which we assume that M approximates M
arbitrarily well.

Hence, accuracy of the reduced basis approximation is guaranteed if we can estimate the accuracy
by which the reduced basis approximation approximates the truth for a given parameter value. This
error estimation is a key element of the process and will be discussed in detail in Chapter 4. The
computational cost on the other hand is dominated by the cost of effectively evaluating (3.3) for a
new parameter value and, naturally, the compactness of the reduced basis, N.

While the former challenge is primarily an algorithmic challenge, the latter is a question that
clearly has a problem specific answer, i.e., some problems will allow a very efficient reduced basis
representation while other problems will escape this entirely. To get a handle on this, it is instructive
to introduce the notion of the Kolmogorov N-width. Let us first define

E(Ms, V) = sup inf |lusg — vrp||v-
usEMs UrbEVrp

The Kolmogorov N-width of Mg in Vy, is then defined as
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dny(Ms) =inf sup inf |jus — vpllv, (3.5)
Vb us EMs Vb €Virp

where the first infimum is taken over all N-dimensional subspaces V, of V. Hence, the N-width
measures how well My can be approximated by some N-dimensional subspace V. If, indeed,
the N-width decays rapidly as NN increases, it suggests that the solution manifold can be well
approximated by a small reduced basis, yielding a compact and efficient approximation across the
entire parameter space. In our case of interest, we can think of the regularity of the solution in
parameter space, where in some case, the Kolmogorov N-width may even decay exponentially, i.e.,
dny(Ms, Vi) < Ce N, A challenge we shall discuss later in this chapter is how to find this low-
dimensional subspace and how compact we can expect it to be provided we have some information
about the Kolmogorov N-width for a particular problem.

Following the discussion just above, we assume that the reduced basis is constructed to en-
sure good approximation properties across the parameter space. This is measured through the
Kolmogorov N-width by its capability to approximate any member of Mg,

sup inf Jjus — vppllv.
usEMs VUrv€ Vo

One can relax the supremum-norm over M to obtain a different (least-square) notion of optimality

as
[ int fhuste) = vl (3.6)
peP Vo€V

In addition to these considerations about approximating a solution manifold by an N-dimensional
space in the best approximation, observe that applying Cea’s lemma for a given approximation
space Vy, and a given parameter value p € P connects the best approximation error with the
reduced approximation:

o) ~ sl < (14 203) it i) = vl 3.7)

Thus, the quality of the reduced basis approximation , based on a Galerkin projection, depends,
as the truth approximation, on the coercivity and continuity constants of the bilinear form, both
of which are problem-dependent. Furthermore, the quality of also depends on the ability of the
reduced basis space to approximate any member of the solution manifold.

In the following, we are going to address the following two fundamental questions:

e How do we generate accurate reduced basis spaces during the offline stage?

e How do we recover the reduced basis solution efficiently during the online stage?

3.2 Reduced basis space generation

While there are several strategies for generating reduced basis spaces, we shall focus on the proper
orthogonal decomposition (POD) and the greedy construction in the following. In both cases, one
begins by introducing a discrete and finite-dimensional point-set P, C P in parameter domain |,
e.g., it can consist of a regular lattice or a randomly generated point-set intersecting with P. We
can then introduce the following set
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Ms(Pr) = {us(p) |1 € Pp}

of cardinality M = |Py|. Of course, it holds that Ms(Pp,) C My as P, C P but if Py, is fine enough,
M;s(Py) is also a good representation of M.

3.2.1 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD) is an explore-and-compress strategy in which one samples
the parameter space, compute the corresponding truth solutions at all sample points and, following
compression, retains only the essential information. The N-dimensional POD-space is the space
that minimizes the quantity

1 .
M Z v Hel{, l[us (k) — ven 1% (3.8)
}LE]P}; b rb

over all N-dimensional subspaces Vy, of the span Va = span{us(u)|p € Pr} of the elements of
Ms(Pr). Tt is a discrete version of (3.6) using Ms(PP,) instead of Ms.

We introduce an ordering p1, . . ., ups of the values in Pp,, hence inducing an ordering ugs (1), - - ., us (par)
of the elements of Ms(P,). For the sake of a short notation, we denote ¥, = us(um) for all
m =1,..., M in the following. To construct the POD-space, let us define the symmetric and linear
operator C: V; — Vo defined by

M
1
C(Ué) = M Z (1]5, wm)\/ wma vs € Vg,
m=1

and consider the eigenvalue-eigenfunction pairs (A, &,) € R x Vo of the operator C with normal-
ization constraint ||€,|v = 1 satisfying

(C(gn)vwm)V = An(gnvwm)Va 1<m< M. (39)

Here we assume that the eigenvalues are sorted in descending order Ay > Ao > ... > Ap;. The
orthogonal POD basis functions are given by the eigenfunctions &1, . .., £ys and they span V »4. If one
truncates the basis and only considers the first NV functions &1, ..., &N, they span the N-dimensional
space Vpgp that satisfies the optimality criterion (3.8). Further, the projection Py : V — Vpgp for
arbitrary functions in V onto Vpgp, defined as

(Pn[f]:én)v = (f,€n)v, 1<n <N,

is given as
N

PN[f] =D (f:6n)vén-

n=1

In particular, if the projection is applied to all elements in Ms(Py,) it satisfies the following error
estimate

1 M M
17 2 [om = Pylumll = | D Am-
m=1

m=N+1
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Linear algebra box: Proper Orthogonal Decomposition (POD)

Denote ty, = us(fim) for m = 1,..., M and let us construct the correlation matrix C € RM* by
Cmg = ﬁ(d’mawq)% 1<m,q< M.
Then, solve for the N largest eigenvalue-eigenvector pairs (An, vs) with [|[va|[p2gay = 1 such that
Cvp =Anvn, 1<n<N,

which is equivalent to (3.9). With the eigenvalues sorted in descending order A1 > A2 > ... > Ay the
orthogonal POD basis functions {{1,...,&n} span the POD-space Vegp = span{&i,...,En} and are
given by the linear combinations

Mz

&n(@) = 75 D (Vn)m¥m(x), 1<n <N,

1

3
I

where (v,)m denotes the m-th coefficient of the eigenvector v, € RM.

Remark 3.1 (Relation with singular value decomposition (SVD)). In the simplified case where the scalar
product (vm,%q)v is replaced by the simple ¢>-scalar product of the degrees of freedom of ., =

ws(pm) = 312 (W™ )i i and g = us(pg) = X722 (05%)i @i, iee., by

Ns

> (a5 (a5,

=1

the correlation matrix becomes C = ﬁU?Ua where Us € RY5*M denotes the matrix of the column-
wise vectors u§™ for m = 1,..., M. In this case, the eigenvalues of C correspond to the square of the
singular values of ﬁUg.

The computational aspects of the POD procedure is discussed in the linear algebra box Proper
Orthogonal Decomposition (POD), highlighting the reliance on basic tools of linear algebra.

We note that the orthonormality of the eigenvectors in the sense of £2(R*) implies the following
orthogonality relationship of the eigenfunctions

(gmvgq)V = M)‘n(smqa 1<m,q<M

where d,,, denotes the Kronecker delta.

While the construction of the POD-basis results in a basis that is optimal in an ¢2-sense over the
parameter space, the cost of the procedure is potentiality very high. To ensure a reduced basis of
sufficient accuracy, a potentially large number M of truth solutions may be required and, worse yet,
a proper choice of M is not known or predictable for a general problem. This implies that one often
has to choose M > N, leading to a very substantial computational overhead by having to compute
a large number of truth solutions only to discover that the majority of these solutions do not
contribute to the reduced basis. Furthermore, for M and Ns being large, the cost of computing the
reduced basis itself, requiring the solution of a large dense eigenvalue problem, scales like O(N N52).
While this construction is straightforward and display desirable optimality properties, the lack of
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an error estimator beyond the magnitude of the largest ignored eigenvalue and, most importantly,
the high computational offline cost suggests that we seek an alternative approach.

3.2.2 Greedy basis generation

In contrast to the generation of the reduce basis using the proper orthogonal decomposition (POD),
the greedy generation of the reduced basis space is an iterative procedure where at each iteration
one new basis function is added and the overall precision of the basis set is improved. It requires
one truth solution to be computed per iteration and a total of N truth solutions to generate the
N-dimensional reduced basis space.

An essential ingredient of the greedy algorithm is the availability of an error n(u) which predicts
the error due to the model order reduction, i.e., it provides an estimate of the error induced by
replacing Vs by the reduced basis space V4, in the variational formulation. We shall postpone the
discussion of how to develop such estimators to Chapter 4 and simply assume here that one is
available satisfying

s (1) — ()l < k),

for all ;1 € P. Here ugs(p) is a solution of (3.1) and wuyp(pt) is solution of (3.3) for a certain reduced
basis space Vyp,. Alternatively, a different norm, i.e., the parameter-independent norm |jus(u) —
urp (1) |lv, or even the measure of the output functional |ss(u) — spp(pt)| can be chosen. But in
all cases, n(p) consist of a strict upper bound of the corresponding error-quantity. As already
mentioned, details are postponed to Chapter 4.

During this iterative basis selection process and if at the n-th step a n-dimensional reduced basis
space Vpp is given, the next basis function is the one that maximizes the estimated model order
reduction error given the n-dimensional space Vy, over P. That is, we select

i1 = arg max n(s), (3.10)
neP
and compute ugs(n+1) to enrich the reduced basis space as Vyp, = span{us(p1), ..., us(tnt1)}-

This is repeated until the maximal estimated error is below a required error tolerance. The greedy
algorithm always selects the next parameter sample point as the one for which the model error is
the maximum as estimated n(p). This yields a basis that aims to be optimal in the maximum norm
over P rather than L? for the POD basis.

Computing the maximum in (3.10) over the entire parameter space P is impossible and, as for
the POD approach, we introduce a finite point-set P;,. However, since a point in P, only requires
the evaluation of the error estimator and not a truth solution, the cost per point is small and
P;, can therefore be considerably denser than the one used in the construction of the POD basis,
provided the error estimator can be evaluated efficiently. Furthermore, one can utilize that the
evaluation of the error estimator is embarrassingly parallel to further accelerate this part of the
offline computation. The computational aspects of the greedy basis generation is discussed in the
algorithm box The greedy algorithm, highlighting the importance of the error estimator in this
development.

Provided this approach leads to a basis of sufficient accuracy and compactness commensurate
with the Kolmogorov N-width of the problem, its advantages over the POD basis generation are
clear. Not only is the need for solving a potentially very large eigenproblem eliminated but we
also dramatically reduce the total cost of the offline computation by only computing the N truth
solutions in contrast to the M solutions needed for the POD basis generation, where M > N



24 3 Reduced Basis Methods

Algorithm: The greedy algorithm
Input: tol, u1 and n = 1.
Output: A reduced basis space Vyp.

1.  Compute us(pn) solution to (3.1) for p, and set Vi, = span{us(p1), ..., us(pn)}

2. For each p € Py,
a. Compute the reduced basis approximation uw (i) € Vi defined by (3.3) for p

b. Evaluate the error estimator 7(1u)

3.  Choose pnt1 = arg max n(u)
HEP

4. If n(pnt1) > tol, then set n:=n+ 1 and go to 1., otherwise terminate.

in almost all cases. Note also that the sequence of approximation spaces is hierarchical. Hence, if
the N-dimensional reduced basis space is not sufficientlt accurate, one can enrich it by adding n
additional modes. This which results in exactly the same space as having build the reduced basis
space with IV + n basis functions.

Let us elaborate a little further on the greedy algorithm. We consider a general family F' =
{f(n) | n € P} of parametrized functions, f(u) : 2 — R, for which we find an approximation space
using a greedy approach to iteratively select the basis functions as

Jnpr = arg max |[f(p) — Pof (1),
neP

and where P, f is the orthogonal projection onto F,, = span{fi,..., fn}, we have the following
convergence result for the basic greedy approximation [10] (see also [36] for a generalization to
Banach spaces):

Theorem 3.2. Assume that F has an exponentially small Kolmogorov N -width, dy(F) < ce™*N

with a > log2. Then there exists a constant B > 0 such that the set Fy, obtained by the greedy
algorithm is exponentially accurate in the sense that

If = Py fllv < Ce PN,

See also [15] for the first but less sharp estimates. In other words, if the underlying problem allows an
efficient and compact reduced basis, the greedy approximation will find an exponentially convergent
approximation to it.

Recall that the parameter-independent coercivity and continuity constants o and -y, introduced
in (2.4), satisfy

Va e P a(u,vi) < lullvlolly, Vu,v €V,
YueP: a(u,u;p) < ofulf, Yu € V.
Then this convergence behavior can be extended to the reduced basis approximation as [10]:

Theorem 3.3. Assume that the set of all solutions M (approximated by Ms in all computations)
has an exponentially small Kolmogorov N-width dy(M) < ce™®N a > log (1+ /2), then the
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Linear algebra box: The affine assumption

The affine assumption is inherited at the linear algebra level to allow the efficient assembly of the
reduced basis solution matrix, right hand side and output functional. During the offline stage one
precomputes all matrices

AL =BT AIB e RV, 1<q<Q.,
t2 =BT I e R", 1<q<Qs,
14, =BT1{ eRY, 1<q<Q,

where (Ad)i; = aq(@j, i), (£); = fq(ws) and (1f); = £4(p;) for 1 < i, < Ns. During the online stage,
one can then efficiently build the required operators as

Qa Qs Q1
AL = Z 03 (1) Ay, fh = Z 0 () £y, L= Z 01 (1) 1.
q=1 q=1 q=1

reduced basis approzimation converges exponentially fast in the sense that there exists a § > 0 such
that
Vi € P Jlus(n) — s (i) v < CePV.

Hence, the reduced basis approximation converges exponentially fast to the truth approximation.
It is worth reiterating that the error between the truth approximation and the exact solution is
assumed to be very small. If this is violated, the reduced basis approximation will still display
exponential convergence to the truth approximation but this will possibly be a poor representa-
tion of the exact solution, i.e., the reduced basis approximation would be polluted by the lack of
approximability of the truth solution.

From a practical viewpoint, it is important to observe that the different snapshots
us(p1), ..., us(pun) may be (almost) linearly dependent, resulting in a large condition number of
the associated solution matrix. It is therefore advised to orthonormalize the snapshots in order to
obtain the basis functions &1, ..., &y. For instance, one can use the Gram-Schmidt orthonormaliza-
tion algorithm based on the vector of degrees of freedom of the functions wugs(u,) and the discrete
scalar product of £2. Observe that one does not rely on the properties of orthonormality even if this
is often desirable for numerical stability. All that is required is a set of basis functions &;,...,&N
which spans the same space V,, and generates a solution matrix Ay, with a reasonable condition
number.

3.3 Ensuring efficiency through the affine decomposition

Having addressed the offline computation of the reduced basis, we can now turn to the online
stage where the central part is the computation of a solution uy, (1), defined by (3.3). In the ideal
setting, the cost of accomplishing this should be independent of the complexity of the truth problem,
measured by Ny, and should depend only on the size N < N of the reduced basis approximation.

To get a handle on this, first note that for each new parameter value y € P, the reduced basis
solution matrix A%, as defined in the linear algebra box The reduced basis approximation, needs
to be assembled. Since the parameter value p may be in the bilinear form a(:,-; u), one generally
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Algorithm: The online procedure
Input: A reduced basis model based on the reduced basis space Vy, and a parameter value p € P.

Output:  Fast evaluation of the output functional (sr () and the aposteriori estimate 7(u)) that
is independent of Nj.

1.  Assemble the reduced basis solution matrix and right hand side:
AL = Z 01 AL, fh= Zeq )fh,  and I = Zoq LS

2.  Solve the linear system
Arbuu = fx“—{)a
in order to obtain the degrees of freedom (uf,), of the reduced basis solution wu.b(u).

3. Computate the output functional sy (1) = (uk)” 14,

4. Computate the error estimate n(u), see the upcoming Chapter 4 for details.

would need to first assemble the truth matrix A4 and then construct AL = B” AL B, where B is
the representation of the reduced basis in terms of the basis functions of the truth space V5. This
is a computation that depends on N, as AY € RNo*Ns and B € RM*N and would severely limit
the potential for rapid online evaluation of new reduced basis solutions.

However, this restriction can be overcome if we assume that the forms a(-,-; 1), f(-; 1) and £(-; p)
allow the affine decomposition

a(w, v; w) 29‘1 w) ag(w,v), (3.11)

Vi) = Zezm) fov), (3.12)
q=1
Q1

=Y 0%(1) L (v), (3.13)

where each form
ag: VxV =R, fe: V=R, V=R,

is independent of the parameter value p and the coefficients
01 :P — R, 0l P — R, 0P — R,

are scalar quantities which are independent of w and v. Note that we consider the abstract form of a
general non-compliant problem for sake of completeness in this section and therefore also illustrate
the affine decomposition of the output functional £.

Tllustrated by the example of the bilinear form af(-,-, u), a series of Q, N x N-dimensional
matrices A, (each associated to a4(-,-)) can be precomputed at the offline stage once the reduced
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Fig. 3.1: Maximum and average error bound with respect to the number of selected basis functions
in comparison with a SVD for the illustrative Example 1(left) and Example 2 (right).

basis space is known since the forms aq(,-) are independent of the parameter value. Then, during
the online stage, when a new parameter value p is given, one builds the new solution matrix as

Qa
Afb = Z GZ(H) Agbv
q=1

by weighting the different matrices A% by the factors parameter dependent 64 (u). This operation
is independent of N and scales proportionally to @, - N2. The treatment of the linear forms f (-, 1)
and £(-, ) is similar and an account of the steps needed is provided in the algorithm box The affine
assumption.

For cases where an affine decomposition does not hold naturally for the operator or the linear
forms, one can often find an approximate form that satisfies this property using a technique known
as Empirical Interpolation. We shall discuss this technique in detail in Chapter 5.

The evaluation of (3.3) and (3.4) on an algebraic level can then be done as outlined in algorithm
box The online procedure, involving only operations that are independent of Nj.

3.4 Illustrative Examples
We illustrate below how the affine assumption can be satisfied on our toy problems defined in Section

2.3 and provide some numerical results illustrating the convergence of the reduced model for the
basis being assembled using the greedy- and the POD-algorithms during the offline procedure.

3.4.1 Illustrative Example 1: Heat Conduction part 2

For Example 1 introduced in Section 2.3.1, recall that the bilinear and linear forms are given by
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Fig. 3.2: Visual comparison between the truth (finite element) solution (a), the reduced basis ap-
proximation (b) for p = (6.68,0.94). The difference (error) between the two solutions is illustrated
in (c).

a(w,v;u)=/ﬁf<&qu~Vv and f(v;u)Zum/ v.

TIvase

Since K, = 1o, + plo, we can decompose the bilinear form into two parts to recover the affine
decomposition with Qa =2, Q¢ =1, 03 (1) = 1, 67(11) = iy, 03 (1) = p1 and

ar(w,v) = Vuw - Vo, as(w,v) = Vuw - Vu, and fi(vsp) = / v.
(P2 29 Iy,

ase

Note that the way the affine assumption is satisfied is not unique. Considering for example the
bilinear form a, one could alternatively define Q. = 2, 6%(u) =1, 62(1) = py, — 1 and

a1 (w,v) = / Vw - Vo, as(w,v) = Vw - V.
n 20

We now briefly illustrate the reduced basis construction for this problem with basis functions have
been obtained by orthogonalization, through the Gram-Schmidt procedure, of snapshots computed
for selected parameters provided by the greedy algorithm based on P}, of cardinality 1°000. In
Figure 3.1(left), the maximum and average absolute errors, i.e.,

1
max [|ug () — uzo (1), and Mﬂ%%ll%(u)—%ﬂu)lIW (3.14)

with respect to the number of selected basis functions is reported. In addition, we also plot the
decay of the relative singular values of the solution matrix over the training set P, as a measure of
optimality.

In Figure 3.2, the outcomes provided by the finite element and the reduced basis approximations,
for a randomly chosen p = (6.68,0.94) and N = 5, are compared. The difference between the two
solutions, thus the error function, is also shown, confiming the high accuracy of the model.

error
E 1.791e-07
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Fig. 3.3: Comparison between truth (finite element) solution (a), reduced basis approximation (b)
for p = (7.737,7.124,0.729,4.620, 3.072, 6.314, 3.590, 7.687, —0.804, 0.129, —0.232). The difference
(error) between the two solutions is illustrated in (c).

3.4.2 Illustrative Example 2: Linear Elasticity part 2

Concerning the elastic block of the illustrative Example 2, the forms a and f are clearly affine in the
parameter dependency. Indeed, f does explicitly depend on the parameter, and hence Q; = 3 with
0% (1) = psiq for ¢ = 1,2,3. The bilinear form a is affine for Q, = 9 with 0%(p) = p, 1 < g <8,
02(p) =1, and
aq(w,v)zE/Qq g;};cijkl(?zca 1<¢<9.

The basis functions have been obtained by orthogonalization, always through a Gram-Schimdt
procedure, of snapshots obtained by the greedy algorithm based on P}, of cardinality 7°500. The
maximum and average errors, given by (3.14), with respect to the number of basis functions em-
ployed is reported in Figure 3.1(right). In addition, we also plot the decay of the relative singular
values of the solution matrix over the training set P, as as a measure of optimality.

In Figure 3.3, the outcomes provided by the finite element and the reduced basis solution for a
randomly chosen system configuration

w=(7.737,7.124,0.729, 4.620, 3.072, 6.314, 3.590, 7.687, —0.804, 0.129, —0.232),

with reduced basis dimension N = 53 are compared, and the difference (error) between the two
solutions is shown, confirming the expected accuracy.

3.5 Overview/summary of the method

The elements of the method can be summarized as follows. In an offline procedure, one seeks to
identify a reduced basis space V, C Vs that has a dimension as small as possible such that any
element of the solution manifold Mg can be approximated with an element of V., to within a desired
accuracy. This step can be seen as discarding any degrees of freedom of Vs that are not needed to
approximate functions of Mgy. This is an empirical procedure which depends on the parametrized
problem and thus also on the parameter space P considered in a specific application. Hence, the
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Algorithm: The offline procedure

Input: An abstract truth model of the form (2.8) satisfying the affine assumption (3.11)—(3.13).
An aposteriori error estimator n(u) such that [Jus(p) — uwm (w0l < n(w)-
An error tolerance tol.
A discrete training set Py,.

Output: A reduced basis model based on the reduced basis space Vy, that guarantees that
maxep,, [|us (1) — wes(p)]] < tol.

Initialization: Take p1 € P arbitrary and set n = 1.

Loop:
(i) Offline-offline:
a. Compute us(un) as solution to (3.1) for p, and set Vi, = span{us(p1), ..., us(un)}-

b. Based on V,,, pre-compute all quantities from the affine-decomposition that are
parameter-independent, e.g., the n-dimensional matrices A%, or the n-dimensional vec-
tors .

(ii) Offline-online:
a. For each u € P, compute the reduced basis approximation um(p) € Vi defined by
(3.3) for p and the error estimator n(u).

b. Choose pin4+1 = arg max n(u).
HEP

c.  If p(ptny1) > tol, then set n:=n+ 1 and go to (i), otherwise terminate.

resulting approximation space Vy, and its basis are not multi-purpose, but rather tailor made for
a specific problem. Most commonly, the construction of Vy, is built on the greedy algorithm which
is based on the existence of an a posteriori error estimator 7n(u) which will be developed in the
upcoming Chapter 4.

The online procedure comprises a fast evaluation of the map u — syp(1t) which can be evaluated
independently of Nj, the dimension of the truth approximation space V5. The efficiency, i.e., the
independence on Ny, is enabled by the affine assumption of the bilinear form a(-, -, ) and the
linear form f(-;u).

The construction of the reduced basis approximation and the importance of affine assumption
can best be illustrated by a brief overview of the different elements discussed so far as well as a
discussion of the computational complexity of the entire approach. We can, for illustration only,
compare this with the cost of solving a similar problem using the truth solver for all evaluations.

Let us first consider the offline procedure, outlined in the algorithm box The offline procedure.
The computation cost of the offline development of the reduced basis approximation is dominated
by the need to solve the truth problem N times, yielding an overall computational cost of O(N Ns?)
where p < 3 is determined by details of the solver, i.e., where direct or iterative solvers are used,
the quality of the preconditioner etc. However, since Ng > N the cost is considerable.

Turning to the cost of the online evaluation of the reduced approximation outlined in the al-
gorithm box The online procedure, we have several terms, i.e., O(Q.N?) to assemble the operator,
O(QsN) to assemble the right hand side, O(N?) to recover the reduced basis solution, and, finally
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O(Q1N) to evaluate the output of interest in the general non-compliant case (Q1 = Qs otherwise).
To furthermore certify the accuracy through the error estimator we need O((Qs+NQ.)?) operations
to evaluate the residual (based on results from Chapter 4). The cost of estimating the stability con-
stant, needed in the error estimator, depends on the details of the method used but is independent
of Ns. The key point is that although the online cost can not be neglected for large values of N and
the affine parameters, Q,, Q¢, @1, the entire computational process is independent of Ns. Hence, for
applications where Ny > N, this will be substantially faster than for solving the truth problems, in
particular for applications where Ny is very large, e.g., multi-scale and three-dimensional problems,
or for problems where a very large number of parameter evaluations are needed.






4

Certified Error Control

4.1 Introduction

The development of effective and reliable a posteriori error estimators for the field variable or an
output of interest is crucial to ensure the reliability and efficiency of the reduced basis approxi-
mations. Reduced basis approximations are problem dependent since discretizations are problem
specific. They are typically pre-asymptotic since we choose N small to control the online computa-
tional cost. Furthermore, the reduced basis functions can not be directly related to specific spatial
or temporal scales so problem intuition is of limited value and may even be faulty. Finally, the
reduced basis approach is often applied in a real-time context where there is no time for offline
verification and errors may be manifested immediately and in deleterious ways. It is thus essential
that the development of techniques for the efficient and reliable computation of error estimates
plays a central role during both the offline and online stages.

In the greedy algorithm, executed during the offline stage, the error estimates are used as
surrogates for the actual error to enable large training sets without dramatically increasing the
offline cost. This subsequently results in reduced basis approximations of high fidelity as they can
be trained on large and finely sampled spaces of parameters. It is clear that the offline sampling
procedures can not be exhaustive, particularly for high-dimensional parameter dimensions P where
large parts of the parameter set P may remain unexplored. Hence, we must accept that we can only
accurately account for the online quality of the output for parameters in well sampled parts of P
and the error is controlled over P, rather than P. However, the a posteriori estimation guarantees
that we can rigorously and efficiently bound the output error in the online procedure for any given
new u € P.

During the online stage, the error estimators enable the identification of the minimal reduced
dimension N ensuring the required accuracy. This guarantees that constraints are satisfied and
feasibility conditions are verified. This subsequently ensures the validity of the prediction, hence
enabling online prediction endowed with the certified accuracy of the truth solution.

In the following we present several a posteriori estimates. These are developed both for the field
variable in combination with different norms and for the output functional. They can be used either
in the greedy selection of the reduced basis space during the offline procedure or during the online
procedure to certify the out, depending on the application and criteria of the user.
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4.2 Error control for the reduced order model

The need for efficient and accurate error bounds in turn place additional requirements on the error
estimation. The error bounds must be rigorous and valid for all N and for all parameter values in
the parameter domain P. Indeed, non-rigorous error indicators may suffice for adaptivity, but not
for reliability. Furthermore, the bounds must be reasonably sharp since overly conservative errors
will yield ineflicient approximations, with N being large in the RB model, or suboptimal engineering
results with, e.g., unnecessary safety margins. Finally, the bounds must be computable at low cost,
independent of Ny, due to the critical role these play in both the offline and the online stage.

We recall that our reduced basis error bounds will be defined relative to the underlying accu-
rate discretization method, e.g., the finite element approximation - the truth. Hence, if the truth
approximation is poor, the error estimator will still reflect convergence but it will be convergence
to a solution that only poorly approximates the solution of the continuous problem.

4.2.1 Discrete coercivity and continuity constants of the bilinear form

The error certification we will be based on the discrete coercivity and continuity constants defined
by

os(p) = inf CWBUSH) L )= sup sup BV

. (4.1)
vevs  fusld wseVs vsevs l|lWsllvllvsllv

Since the approximation space is conforming, i.e., Vs C V, it holds that a(p) < as(p) and v5(u) <
~v(p) where a(u) and v(u) are the continuous coercivity and continuity constants introduced in
(2.5).

4.2.2 Error representation

The central equation in residual-based a posteriori theory is a quantification of the relationship
between the error and the residual. It follows from the problem statements for wus(u), defined by
(2.8), and uyp(p), defined by (3.3), that the error e(u) = us(u) — ur(p) € Vs satisfies the classic
error equation

ale(p),vs; i) = r(vs; p), Vs € Vs, (4.2)
where 7(-; ) € V5 (the dual space to Vs) is the residual,
r(vsip) = f(vsi p) — aluws(p), vsip),  Vus € V. (4.3)

Indeed, (4.2) follows from (4.3) by the bilinearity of ¢ and the definition of e(y).
It shall prove convenient to introduce the Riesz representation of (- ; 1), denoted by #5(u) € Vs
and defined as the unique 75(u) € Vs satisfying

(75 (p), vs)v = r(vs; ), Vs € Vs. (4.4)

Consequently, it holds that

. 7(vs; 1)
75 ()llv = [Ir(-, p)llvy, = sup ~
vs€EVs ||v5||V

We can also write the error equation as
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ale(p), vs; ) = (Fs5(w),vs5)v, Vs € Vs. (4.5)

As we shall see shortly, the evaluation of the dual norm of the residual through the Riesz represen-
tation is a central element in the construction of efficient and reliable a posteriori estimators.

In the next proposition we discuss some error relations which can be established due to the
Galerkin framework and the nature of the compliant problem that turns out to be useful in the
upcoming proofs.

Proposition 4.1. For a compliant problem it holds
s5(1) = sro(p) = [lus (1) — urn()]]7,
for all p € P. Hence ss(ft) > o).

Proof. Let p € P be arbitrary. We first observe by the definitions (2.8) (or (3.1)) and (3.3) of
us(p) € Vs and upp(pt) € Vi that the following Galerkin orthogonality holds

a(U5(u) — U (), Vrb; u) =0, Yrp € Vip.

Then, by the linearity of the right hand side f(-,u), the definition of us(u) and the Galerkin
orthogonality we obtain

ss(1) = sev(p) = f(e(n); 1) = alus(p), e(p); n) = ale(p), e(u); 1) = lle(w)lly
Since we consider a compliant problem. a

In the following Sections 4.2.3 and 4.2.4 we initially assume that we have access to a lower bound
ars(pe) of the coercivity constant as(p), defined by (4.1), for any value of p € P in a way that is
independent of Ns. In Section 4.3 we shall then revisit this assumption and construct such bounds.

4.2.3 Energy and Output Error Bounds

We define computable error estimators for the energy norm, output, and relative output as

75 (1)l
enl(p) = Y (4.6a)
T )
s (1) = sty _ (en(1))” (4.6D)
s OZLB(,LL) en )
o ven (1) = 175G _ ms(i) (4.60)

ag(p) sev(p)  srv(p)

The following proposition ensures that those estimators are rigorous upper bounds of the quantities
they estimate.
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Proposition 4.2. For the computable a posteriori error estimators defined by (4.6a)—(4.6¢) there
holds

[lus (1) = wen (1)l 0 < Nen (1) (4.7a)
ss(1) = sen(p) < ms(p), (4.7b)

s5(1) — srn(p)
T el < s re1 (1), (4.7¢)

for all u € P.

Proof. Tt follows directly from the error equation, (4.5) with vs = e(u), and the Cauchy-Schwarz
inequality that
le()ll2 = ale(w), e(w); 1) < l7s()|lv lle() v (4.8)

Since arg(p) is assumed to be a lower bound of the coercivity constant as(p) we conclude that

as(p) [le(w)F < ale(n), e(u); ) = lle(w)ll?

Combining thus with (4.8) yields (4.7a).
Next, we know from Proposition 4.1 that ss(4) — srp (1) = |le(u) |2, and since ne(p) = (Nea(p2))?,
(4.7b) follows. Finally, we can easily deduce that syp(pr) < s5(u) (by Proposition 4.1) which, in

combination with (4.7b), implies (4.7c). O
We next introduce the effectivity index associated with these error estimators:
_ Nen (1)
effen(p) = (4.9a)

||U5(,LL) - urb(,u) ||;4 ’

_ ms(w)
ota(n) = s5(1t) — so(p)” (4.90)

Ts,rel (M) .
so(p) = sro(1)) /5(1)” (4.9¢)

as measures of the quality of the proposed estimator. To ensure rigor of the estimates, we require
effectivities > 1 as ensured by Proposition 4.2. For sharpness of the error estimates, however, we
desire effectivities as close to unity as possible.

Under the assumption that we remain in the coercive, compliant and, hence, symmetric frame-
work, we recover the following proposition.

Proposition 4.3. The effectivities (4.9) satisfy
effen(p) < /75 (1)/cs(p), (4.10a)
effs(;u') S Ys (N)/QLB(M)7 (410b)

effs rer (1) < (1 +Msrer) V5 (1) /ra(p), (4.10c)

for all p € P. We recall that arp(p) denotes an lower bound of the coercivity constant as(p) and
that vs(p) defines the continuity constant defined by (4.1).

effs,rel (N) == (
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Proof. Consider (4.5) with vs = #5(u). In combination with the Cauchy-Schwarz inequality this
yields

175 ()| = ale(u), 75 (p); 1) < (175 ()]0 le(u) |- (4.11)
By continuity (2.5) of the bilinear form we obtain

175 () lI5, = alPs (), 7 (1): 12) < s () 175 () IR < s (1) 1175 () L e - (4.12)
Combining (4.11) and (4.12) implies

2y = PG _ IPs(llulle@lln o () oo 3o
en( )_ O‘LB(,U) S aLB(PJ) S aLB(H)” (:u’)”,un

which establishes (4.10a).
Next recall that from Proposition 4.1 we have s5(p) — sro(1t) = |le(u)||, and hence

effs(,u) — Ws(#) o (T’en(:u‘))Q — (effen)Q <

ss(i) = sm(p) — lle(w)l2

through (4.10a).
Finally, since ns re1(t) = 1s(1t)/Sro(1t), we obtain

£ ren (1) = (s5(1) 5e0(1)) e££4(1). (4.13)

Observe that sy, (1) < ss(u) as consequence of Proposition 4.1. Applying (4.7b) yields

56(/’6) — 1+ 55(/”') - Srb(,u) <1+ Us(ﬂ) -1 +77s,re1(ﬂ);
seo (1) seo (1) ss (1)
which, in combination with (4.13) and (4.10b), proves (4.10c). O

Proposition 4.2 establishes that the estimators (4.9a)—(4.9¢) are rigorous upper bounds for the
reduced basis error in the energy norm, the reduced basis output error, and the reduced basis
relative output error, respectively. Furthermore, the effectivity of the energy-norm and output error
estimators is bounded from above independent of N by Proposition 4.3 while being rigorously
bounded from below as

Yo (p)/aws(p) = 1,
by the definition of the constants.

4.2.4 V-Norm Error Bounds

Although the bounds on the accuracy of the output are arguably the most relevant, it also proves
useful (e.g., in a visualization context) to provide a certificate of fidelity for the full field error
us() — Upp(p) in a norm which is independent of . For this, we introduce error estimators in
the V-norm and the relative V-norm. We note here that the choice of the V-norm (and hence of
i) does not affect the reduced basis output prediction sy (p) but may affect the sharpness of the
a posteriori output error bounds. In what follows, the V-norm can be replace by any norm on Vy
without impacting the validity of the results.
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Let us introduce the following error estimators

_ sl a
nv(p) = am(p) (4148)
,re1(p) = 2 |75 () llv

s (1) luss () lv
Proposition 4.4. It holds that

lus () — uen(W)llv < mv(p), Y eP. (4.15)

Furthermore, if ny re1(pt) < 1 for some p € P, then

[[us (1) — o (1)l
s (1) 1w
Proof. Tnequality (4.15) follows from (4.7a) of Proposition 4.2, aps(u) [le(u)||F < lle(u)]|7, and the

definition of ny(u), (4.14a).
For (4.16) we first observe that

< v rer(p). (4.16)

7s(llv o llus(llv - nv(p)
as()lur(W)llv - Mues(w)llv s ()llv

nvrer(ft) = (4.17)

By (4.15) and the assumption that nv re1 (1) < 1 we further recover

l[us(w)llv = [lues () lv + llus()llv = lurs(W)llv = [luzs () llv = lus () — o (1) llv

2 [uzs (i)llv = v (1) = (1 = gv,rer) llww (1)llv 2 5 lluwn (1) v
Combined with (4.17) and (4.15), this yields

e (1) = 2 lus(@llv () o mv(p) o Jlus(p) — ()l
,rel ‘ .

T sl lus()llv = lus(llvy = llus(w)llv

We define the associated effectivities,

_ v (1)
s (1) = o (1) v

effy(u)

_ W,rel(/”')
s () = o (1) 1w/ 1us () 1y

effV,rel (M)

Proposition 4.5. It holds that

effy(u) < 2 VYueP. (4.19)

Furthermore, if ny re1(pt) < 1 for some p € P, then

effV,rel(M) S 3%~ (420)
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Proof. Indeed, inequality (4.19) follows directly from (4.10a) and ||e(w)||. < vs(w) [le()||v as

Ceffa(i) _ 0w el ()
) =12 S () el = aw(n)’

To demonstrate (4.20), we first note that

sl o Tl — sl
oty () = 2 Gy S 2(” s ()T )ff"(“)

and observe that by (4.15) and the assumption effy ye1 (1) < 1 we recover

llus () v =l (1) v < Nlus (1) —uzn () llv < agg' (W) 175 () llv = 3llurs () lv 7v.rer (1) < 5 llwxs (1) v

From (4.19) we finally get

effV,rel( ) < 335}3((7‘4))

4.2.5 Efficient computation of the a posteriori estimators

The error estimators (4.6) and (4.14) all require the evaluation of the residual in the dual norm,
computed through the Riesz representation ||7s(u)||v of the residual. Since this evaluation is needed
during the online stage of the reduced basis method to certify the output, the computation of
|75 (1) ]|y must be efficient and at a cost independent of N5 (the dimension of V).

To achieve this, we take advantage of the affine decomposition (3.11)—(3.12) and expand the

residual as
7(vss ko ZG ) fa(vs) Zzeq Wep ) g (§ns Us), (4.21)

qg=1n=1
recalling that wup,(p) = Zﬁl 1 (uf
with Qr = Qs + Q. N terms, as

)n&n. Let us next introduce the coefficient vector r(u) € R®x,

) = (020, . 02 (), —()T B, . ()T 0% () )

With a similar ordering, we define the vectors of forms F' € (Vg)Qf and A, € (V5)N for 1 < ¢ < Qa
as

F:(fl,...,fo), and Aq:(aq(fl,-),...,aq(gN,-)),
and the vector of forms R € (V5)@r as

R=(FAy, ..., A0.)" .

Combining (4.4) and (4.21) we obtain
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Linear algebra box: Efficient computation of the residual norm

We show how the computation of ||#5()|lv in (4.22) can be implemented.
We start with recalling the affine decomposition

Qa Qs
AL=>"00w AL and  fE(u) =D 6w L.
q=1 q=1

Define the matrix R € RY5X@r by Ry, = Ry(p;) for 1 < i < Ns, 1 < ¢ < Qr, Qr = Qs + QuN. This
can be formed directly by
R=(f;,... . f2 AjB, ... A% B)",

where we recall that B.,, denotes the coefficient column vector of &, in the basis {gpi}fvjl of V5. Then,

G=R'M;'ReR¥* and |l = vi(W)" Grlu),
with .
w(w) = (), -, 024 (0), —(t)" O3(w), -, —(us) 02 () ) -

Here (M;)i; = (¢, :)v is the mass matrix associated with the basis {¢; }1°

i=1"

Denoting by 7 the Riesz representation of the form R, € Vj, i.e., (7%, vs)v = Ry(vs) for all vy € V;
and 1 < g < @, we recover

and

IFs() 15 =D va(u)xg (n) (75,75 )v. (4.22)

q,9'=1

In this final expression, the terms (74, fg')v can be precomputed once and for all in the offline stage
of the method. Thus, given any p € P one can compute ||#s(u)||v independently of N5 by directly
evaluating (4.22).

4.2.6 Illustrative Examples 1 and 2: Heat Conduction and Linear Elasticity part 3

We present here the effectivities of the a posteriori estimators employed in the numerical tests that
were presented in the illustrative examples in Section 3.4.

In these tests, we are considering a validation set P] C PP of 1’000 samples and we are tracking
the average value of the error estimator

1
Tlen,av = IPT Z nen(,u)
Byl 2
h

as a function of an increasing number of basis functions V. The maximal and average effectivities
are measured by
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N Ten,av effen,max effeu,av N Ten,av effen,max effen,av
1 3.57e-1 2.40 1.24 5 2.08e-2 6.22 1.35
2 1.72e-3 2.30 1.64 10 3.54e-3 5.06 1.17
3 8.91e-5 2.34 1.62 15 8.16e-4 5.39 1.40
4 8.47e-7 20.24 1.68 20 2.43e-4 5.26 1.33

Table 4.1: Error bounds and effectivity metrics as function of N for the illustrative example 1 (left)
and 2 (right).

Nen (1) 1 Nen (1)
effen pax = max and effenay = — . (4.23)
neP;, [lus (1) — wrn (1) | Py | #%P:; s (1) — uen (1)l

The error bounds and effectivity metrics as function of the number of basis functions N employed
are then reported in Tab. 4.1 for both illustrative examples.

4.3 The stability constant

A central feature of the certified reduced basis method is its ability to rigorously bound the error
associated with the model reduction. However, as already discussed in Section 4.2.3, this step
requires the computation of the (discrete) residual and an estimation of a lower bound for the
stability parameter, e.g., the coercivity or inf-sup constant. Since this must be done during the
online phase, the computation of the stability constant must be accomplished with a computational
complexity that is independent of the dimension of the underlying truth approximation space,
Ns = dim(Vy), to obtain a rigorous error certification in an efficient way. Accomplishing this is
a central element of the entire approach and we shall discuss different strategies for this in the
following
Let us start by recalling that the definition of the (discrete) coercivity constant is given by

. a(vs,vs; 1)
= f _—
(n) = inf lvs2

The coercivity constant cs(p) is thus defined as the smallest eigenvalue of a generalized eigenvalue-
problem: Find (A, ws) € RT x V; such that

a(ws,vs; p) = Mws, vs)y, Yus € Vs. (4.24)

We recall that if a Galerkin approximation is used for approximating a coercive problem, the
underlying solution matrix Af is symmetric positive definite.

In the following, we discuss three approaches of increasing generality and complexity for the com-
putation of lower bounds for the coercivity constant (). The simplest one, the Min-6-approach,
applies only to a restricted family of problems: so called parametrically coercive problems. Still
within this family of problems, the Min-#-approach can be refined to provide sharper lower bounds,
leading to the multi-parameter Min-6-approach. Finally, the general coercive case is handled by
the Successive Constraint Method (SCM), which can be generalized to non-symmetric, possibly
complex, matrices although this is not discussed in this text. We refer to [25, 26, 27, 58, 61] for
further reading on the extension to general saddle-point problems.
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Linear algebra box: The computation of the coercivity constant

Equation (4.24) can be stated on matrix form as: find (X, ws) € RT x R™5 such that
Af; ws = AMs ws

where (A%)i; = a(p;, pi;p), Ms)i; = (pj,:)v and ws € R™® is the representation vector of the

eigenfunctions ws in terms of the basis {@i}1% of V;.

4.3.1 Min-0-approach

We first recall the affine decomposition
Qa
alu,vip) = 3 03(1) ag(u,v).
g=1

Parametrically coercive problems are then characterized by
1. 09(p) >0, VueP g=1,...,Q,,
2. aq(-,): Vs x Vs — R is semi-positive definite for all g = 1,..., Qa,

i.e., the bilinear form is a convex combination of semi-positive bilinear forms. Under this assumption
and further assuming that the stability «s(p') has been computed for a single parameter value
1 € P, we observe the following identity

. a(vs,vs; 1) . & aq(vs,vs) . Qe 0%(1) n aq(vs,v5)
oslh) = ot Tte, i, 220000 T =k, 2 g ) T
sWe can derive a lower bound by
om0 N e (v, vs)
2602 B, g 500y 25700 Tl
— i A0 SR ) i BB

lvs 1% a=1,.,Qa 02 (')

in
a=1-:Qu 02 (1) vs€Vs £

=as(p’)

While this approach provides a positive lower bound app(p) for as(p) it is generally not a sharp
bound, possibly resulting in error bounds that are overly conservative. Note also that this lower

bound provides the exact coercivity constant if applied at p = p'.

4.3.2 Multi-parameter Min-0-approach

Remaining in the framework of parametrically coercive problems, the previous approach can be
refined by defining a set of M parameter values p1, ..., uas for which the stability constant as (g, )
is computed from the lowest eigenvalue of (4.24). This is done during the offline phase.
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During the online procedure, a lower bound for a;s(u) for any u € P is needed. Following the
same approach as for the Min-#-approach for each p,,, we observe

: 04 (1)
@5(fm) 0N ore S

is a guaranteed lower bound for all m =1,..., M. Thus
_ 04 (p)
usli) = ax,, (“5(“’”) a=1mn@ 0L (1)

is the sharpest of the lower bounds of as(u) among all candidates. While it is a more accurate
approach, it also requires more eigenvalue problems to be solved. Furthermore, this approach re-
mains restricted to parametrically coercive problems. Note also that this lower bound interpolates
the exact coercivity constant at the sample points u = pi,.

4.3.3 Illustrative Example 1: Heat Conduction part 4

Let us illustrate the multi-parameter Min-f-approach in the case of the Illustrative Example 1: Heat
Conduction. We recall that the affine decomposition holds for Q, = 2 with 61(u) =1, 02(u) = pq,
and
a(w,v) = Vw - Vo, as(w,v) = Vw - V.
(ot 20

We therefore recognize that this problem is parametrically coercive and the multi-parameter Min-
f-approach is applicable.
We construct one Min-6 lower bound based on ' = 1 given by

A
afp(n) = as(u) _min, 94((;/))

and a multi-parameter Min-0 lower bound based on the sample points

(1, ..., ps) = (1071,1071/2,1,10Y/2, 10)

a0 = max | (aslpn) ming 8U) = max(as(un)min (1,25,

m=1,..., a=1,...,Qa 02 (1) m=1,...,5 m
The results of these lower bounds as well as the value of the coercivity constant itself are illustrated
in Figure 4.1. We note in particular that the exact discrete coercivity constant is recovered by the
lower bounds at the sample points.

= as(p') min(1, ),

as

4.3.4 The Successive Constraint Method (SCM)

To address the challenges associated with the need to estimate agg(p) for more general problems,
[67] proposed a local minimization approach, known as the successive constraint method (SCM). As
for the multi-parameter Min-f-approach, the SCM is an offline/online procedure where generalized
eigenvalue problems of size Ns need to be solved during the offline phase. The online part is then
reduced to provide a lower bound ayp(u) of the coercivity constant «s(u) for each new parameter
value p € P with an operation count that is independent of the dimension Ns. The original algo-
rithm [67] was subsequently refined, extended to non-coercive problems and generalized to complex
matrices in [25, 26, 27, 58, 61].
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Exact coercivity constant
———— Multi-parameter Min-6

0.8 |-

0.4 |-

02

Fig. 4.1: Illustration of the Min-6 and the multi-parameter Min-8-approach for the Illustrative
Example 1.

Offline procedure of SCM

We recall that the coercivity constant can be written as
Qa

as(p) = inf 9Z(M)M

, 4.25
vsEVs a=1 ||’U§||%/ ( )

using the affine decomposition. The key idea of the SCM is to express the right hand side of (4.25)
as a minimization problem of the functional

S:PxR® — R
(1Y) — S(py) = Y 02(1) yg

over the set of admissible solutions

Qq (’Ug, U5)

y= {y (y1,---,yq.) € R®
llvs I3

31}5€V§S.t.yq: 71§qgQa}-

Then, we can equivalently write
«Q = min S(u,
s() = min 5(u,y)
and a lower and upper bound can be found by enlarging or restricting the admissible set of solution

vectors y. This is done by introducing Yy C Y C Yip and defining

o(n) = min S(p,y),  and  ogp(p) = Jnin S(k,y)-

The remaining question is how to efficiently design the spaces Yy and Y1z to ensure that any
target accuracy for the error quantity
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(i)

b s (1)

9

can be achieved.

Denote by P, the restriction of P to the set of actively varying parameters of the bilinear form
a(-, -; +). The offline part of the SCM is based on an greedy approach where the n-th iteration of
the offline procedure is initiated by assuming that

1. We know the coercivity constants as(u;), 1 < j < n, for some parameter values C, =
{,U/h”'nun} - ]P)a-

2. Let =, C P, be a representative finite point-set discretization of P,. For each u € =, we have
some lower bound o ' (1) > 0 of as(p) from the previous iteration. For n = 1, set ay(p) = 0
for all p € =,.

The eigensolutions (as(y;), w)) € Rt x Vs are solutions to the generalized eigenvalue problem
a(wh,vs; ;) = as(pg) (wh,vs)v, Yous € Vs, (4.26)

where as(p;) is the smallest eigenvalues for each j and wg the corresponding eigenfunction. The
collection of eigenfunctions {w}}7_, provide the corresponding vectors {y’}7_, by

aq (w5, wy)

jZ ] lquQaﬂlgjgn’
w5

(yj)q =
where (y7), denotes the g-th coefficient of y/ € R?. We set

Vi ={y'|1<j<n},

which is clearly a subset of ). For Y, we therefore use this finite set of precomputed vectors y”.
Indeed, computing ogjz (1) = minyeyn S(p,y) consists of forming the functional

Q.
S(uy?) =Y 02(1) (')

for the different vectors y’ and then choosing the smallest value of the functional. This is clearly
independent of N once the vectors y? have been built.
For Y1z we define first a rectangular box B = Hqul[U; , a;] C R@= containing Y by setting

o = inf M and o

+_ aq(vs, vs)
q q

sup
vseVs  |lus|| vsevs sl

This corresponds to computing the smallest and the largest eigenvalues of a generalized eigenvalue
problem for each a4( -, -) and can be computed once at the beginning of the SCM algorithm. To
ensure that the set Yip is as small as possible while containing Y, we impose some additional
restrictions, which result in sharper lower bounds. These constraints depend on the value of the
actual parameter y and we distinguish between two types:

1. Constraints based on the exact eigenvalues for some close parameter values among the set C,,.
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Algorithm: Offline-procedure of the SCM

Input: An error tolerance Tol, some initial set C1 = {p1} and n =1
Output:  The sample points Cy = {u1, ..., un}, the corresponding coercivity constants o (pn)
and vectors y*, n =1,..., N, as well as the lower bounds af\é(p) for all p € =,.

1.  For each p € Ei:
a. Compute the upper bound oy (1) = mingeyn S(u,y)-
b. Compute the lower bound afs(u) = minyeyn () S, y)-

afp(p)
agp (k)

c. Define the error estimate n(y;Cn) =1 —

Select pin4+1 = argmaxuepn(u; Cp) and set Cpi1 = Cp U {ptny1}-
If max,,cpn(p; Crn) < Tol, terminate.

Solve the generalized eigenvalue problem (4.26) associated with g1, store as(pint1), v

a b w N

Set n:=n+ 1 and goto 1.

. . 1 .
2. Constraints based on the previous lower bounds «ag5 * for some neighbor parameter values.

Observe that, in contrast to Yyg, the space Yip will change with variation of the parameter u as
the constraints change with pu, reflected by the notation Yig(u) in the following.
Next, we introduce the function that provides close parameter values

P E) M closest points to p in F if card(E) > M,
MBS =B if card(F) < M,

for either £ = C,, or £ = Z,. For some M, and M, we define

Vis(w) = {v € B|S(',¥) = as(), V' € Py, (1:Cn),
S(,y) 2 ol (), Vi € Par, (1 Z\Ca) |-

It can be shown that Yz C Y C Yig(u) (see [67] for the proof). Consequently, Yy, YV and Y1g(1)
are nested as

VecYic...cYhc...cYC...CYhp) C...C YVip) C YVi(n).

Note that finding ag (1) = mingecyn () S(i, y) corresponds to a linear programming problem of Q,
design variables and 2Q), + M, + M, conditions. The complexity of the linear programming problem
is thus independent of Nj.

Having defined the two sets Y[5(1) and Yi5, we can define a greedy selection to enrich the space
C,, and build C,,41 at all stages of n. The algorithm is outlined in the algorithm box Offline-procedure
of the SCM.

Online procedure of SCM

Once the offline-procedure is completed, we denote Yi5(1) by Vis(p) and Yy by Vus.
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For an arbitrary parameter value u € P, we can compute a lower bound agp (1) by only retaining
the information about ag(u) for all 4 € C,, and arg(p) for all u € =,: For any new p € P, find the
solution of

as(p) = Veg,m}m S(p,y),

which consists again of a linear program with (), design variables and 2Q), + M, + M, constraints.
Note that we now consider, during the online stage, any parameter p € P not necessarily contained
in 5. This implies that we must add the additional constraint that S(p,y) > 0. Further, note

that 1 — 3327% still provides an indicator of the sharpness of the bounds that can be evaluated a

posteriori.

Numerical results

We refer to Sections 6.3.1 and 6.5 in Chapter 6 where we employ the SCM with complete numerical
examples. Within these examples, we illustrate the convergence of the SCM-greedy algorithm with
respect to the number of solved eigenvalue problems.

4.3.5 A comparitive discussion

In this section we compare the lower bounds obtained by the Min-f-approach and the multi-
parameter Min-@-approach with the ones obtained by the SCM in the parametrically coercive case.
We assume throughout this section that the problem is parametrically coercive.

For a given u € Py, denote by § the (or an) index such that

q
g = min 95('”) ,
0d(p')  a=1.Qa 02 (1)

and observe that the lower bound provided by the Min-6-approach is provided by

2(n)
6 / a\H
(67 = Q5 = .
1s(1) (1 )93(;/)
On the other hand, consider the SCM with C; = {x’}, M, = 0 and denote the corresponding
minimization space used for the lower bound as

) = {y € B|s(,y) 2 as()}.
Then, the following lemma holds.

Lemma 4.6. For parametrically coercive problems, consider the Min-0-approach based upon the

computation of as(u') and the lower bound of the SCM based upon yﬁ;(p). Then, the Min-6 lower
bound ofy (1) is at most as sharp as the lower bound provided by this SCM, i.e.,

min S, y) > afg(p).
yeyfs (k)
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Proof. For any y € yﬁ;(u) it holds that

S(u',y) > as(p').

Multiplying by 995 ((;L /)) yields
03(1) o
= S(p',y) 2 «
02 () (W',y) = arg(n)
Additionally we obtain
Qa Qa
02 (1) 04 (1) 02 (')
S(u',y) =) 0a(n) yg < max = (1) y, = max ———=8(u,y
(#-) ; ( )HZ(M) 7 g=1,.0. 0(p) ; (W)¥q g=1,.,Q. 02 (1) )
Now, since A
i) _ 1 YD)
=1 02 () 02 9y’
ming=1,...,Q. 97(u") alp
the result follows. O

Proposition 4.7. For parametrically coercive problems, consider the Min-0-approach based upon
the computation of as(p') and the SCM assuming that p' € C,,. Then, the Min-6 lower bound is at
most as sharp as the lower bound provided by the SCM based upon C,, and any M, > 0, i.e.,

afgt (1) > afp ().

Proof. It is easy to see that Yrp(p) C yﬁ;(u) as long as y' € C,, which is assumed here, and
therefore

afz(p) = min S(u,y)> min S(u,y) > afp(n),
yEYVis(1) YEVE (1)

by Lemma 4.6. g
We turn now our attention to the comparison with the multi-parameter Min-6-approach. For a

given u € Py, let § and i/ denote an index and snapshot parameter on which the multi-parameter
Min-6-approach lower bound is based, i.e.,

o) = s () B _ (%(Hm) min_ () )

= 1
0d(p')  m=l.M g=1,...,Qu 0% (f1rm)

Denote p = {p1, ... ,par} and define

V() = {v € B|S(um,y) = as(pm), V1 <m < M},

Then, the following statement holds.

Lemma 4.8. For parametrically coercive problems, consider the multi-parameter Min-0-approach
based upon the computation of as(p1),...,as(urr) and the SCM based upon Yi,(n). Then, the
multi-parameter Min-0 lower bound affgmp(,u) s at most as sharp as the lower bound provided by this
SCM, i.e.,

. 0,
1mn S(u,y) > g™ ().
YEYViz ()
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Proof. For any y € Y¥;(u) it holds that

S(u',y) > as(p').

Multiplying by % yields
AD
0a(n')

Additionally we easily obtain, as in the proof of Lemma 4.6,

0,
S(Ulv y) > O‘LBmP(N)~

Qa
ACH A
/ — q a < a
S, y) ;93(/1) B Yo S e max, SoareS(ny).

Now, since
04 (1) 1 03 (p')
malo M =@ 02(1) i : 06 i)
oM q=1,....Qa Val b Mily=1, . Milg=1,...Q, 57,7y 04 (1)
the result follows. O

Finally we conclude with the following result.

Proposition 4.9. For parametrically coercive problems, consider the multi-parameter Min-0-approach
based upon the computation of as(p1),-..,as(par) and the SCM assuming that p, € C, for all

1 <m < M. Then, the multi-parameter Min-0 lower bound is at most as sharp as the lower bound
provided by the SCM based upon C,, and any My, > 0, i.e.,

afg(p) > ofg ().

Proof. Tt is easy to see that Yig(p) C Yip(1) as long as p, € C, for all 1 < m < M, which is
assumed here, and therefore

afg'(p) = min S(p,y) > min S(u,y) > afg(p),
YEVis (1) YEVE (1)

by Lemma 4.8. o

We end this comparative discussion by noting that the parameter values for which the coercivity
constant is computed is automatically detected in the case of the SCM, while needs to be specified
a priori by the user in the case of the (multi-parameter) Min-6-approach.






5

The Empirical Interpolation Method

5.1 Motivation and historical overview

As discussed previously, the computational efficiency of the reduced basis method relies strongly
on the affine assumption , i.e., we generally assume that

Qa
a(w,v;p) = ZGZ(N) aq(w,v), Yw,v € V, Vu € P, (5.1)

q=1

and similarly for the righthand side and the output of interest. Unfortunately, this assumption
fails for the majority of problems one would like to consider and it is essential to look for ways to
overcome this assumption by approximating the non-affine elements in a suitable way.

This is the key motivation behind the development of the Empirical Interpolation Method (EIM)
which seeks to approximate a general parametrized function by a sum of affine terms, i.e., on the
form

Q
f(z,y) ~ qu(:c) hq(y).-
q=1

Such a decomposition often allows to establish an affine decomposition of the form (5.1). As we
shall discuss later, this is a powerful idea that allows for substantial extensions of the applicability
of reduced basis methods, including to nonlinear problems.

The central idea of EIM was presented first in [7] and applied in the context of reduced order
modeling in [51]. In [101] a broader set of applications of the EIM approach is discussed and an
a posteriori error analysis is presented in [51, 38, 23]. Extensions to hp-adpative EIM is discussed
[41] with an additional emphasis on high-dimensional parameter spaces being discussed in [59]. In
[19, 20], the authors introduce the discrete EIM (DEIM) as a special case of EIM. In this approach,
the function is given in terms of a finite set of vectors to allow for a simple way to build reduced
order models for nonlinear problems. A theoretical analysis of EIM is offered in [101] and a more
general family of EIM was recently introduced in [98, 100]. An overview illustrating the connection
with other low rank approximation techniques can be found in [9].
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5.2 The Empirical Interpolation Method

In a general setting, EIM is designed to approximate functions g : 2 X Pgzy — R in situations
where each function g, := g(-, 1), 1 € Pern, belongs to some Banach space Xy, and Pry denotes the
corresponding parameter space. The approximation is obtained through an interpolation operator I,
that interpolates the function g( -, ) at some particular interpolation points z1, ... ,xq € {2 as
a linear combination of some carefully chosen basis functions {hi, ... ,hg}. These basis functions
do not consist of multi-purpose basis functions such as polynomials or trigonometric functions but
belong to the particular family {g, },en,, related to the problem being considered. They are built
empirically by means of linear combinations of @ snapshots g,,, ... , g, where the sample points
M1, -+ 5 g € Pew are chosen using a greedy approach.

Since an interpolation process requires point-wise evaluations of the functions we assume that
each function g, belongs to C°(£2), thus C°(£2) C Xy,. The interpolant Ig[g,] of g, with p € Pery
is expressed as

Q
Iolgul(@) = Y ag(u) he(x), =€ Q, (5.2)
q=1
and defined by the interpolation statement
Lolgul(z;) = guley), j=1,...,Q. (5.3)

The interpolation is recovered by solving the following linear system

Q
> ag(p) hi(z;) = gu(z;), j=1,...,Q,
q=1

expressed as Ta, = g, with ) unknowns and

Tij = hj(zi),  (an); =a;(p),  (8u)i = gu(x:), 45=1,...,Q. (5.4)
The remaining question is how to determine the basis functions {h1,...,hg} and the interpola-
tion points x1,...,2¢ and ensure that the system is uniquely solvable, i.e., that the interpolation

matrix T;; = h;(x;) is invertible.

As already mentioned, the basis functions are chosen as linear combinations of some selected
snapshots g, ... , gy, In this manner, one does not rely on the smoothness of g with respect to
z (in contrast to polynomial approximations) but on the fact that each function g, can be well
approximated by similar functions g,.1, ... ,guq. This is related to the fact that the manifold

Mg = {Q;L |,u S IPEIM}

has small Kolmogorov N-width (3.5).

The construction of the basis functions and the interpolation points is based on a greedy algo-
rithm in which we add the particular function g, that is least well approximated by the current
interpolation operator. In a similar fashion, the interpolation point is chosen as the point in space
where the corresponding error function is maximized.

Note that EIM is defined with respect to a given norm on {2 given by X; and we generally
consider LP(§2)-norms for 1 < p < co. The greedy EIM algorithm is outlined in the algorithm box
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Algorithm: Empirical Interpolation Method

Input: A family of functions g, : 2 — R, parametrized by a parameter y € Prw and a target
error tolerance tol.

Output: A set of @ basis functions {hq}qQ:1 and interpolation points {mq};g:l.

Set ¢ = 1. Do while err < tol:

1. Pick the sample point
Ha = I SUD ll9s = Ta-1lga]l x,»

and the corresponding interpolation point

Lq = argesgp ’gl‘q (z) - qul[guq]($)|~ (5.5)

2. Define the next basis function as the scaled error function

h, = gl’«q B Il]*l[gﬂq}

T G (Tq) — To-1[90)(%q) (5.6)

3.  Define the error
il L P O

and set ¢ 1= q + 1.

Empirical Interpolation Method. The output is a Q-term approximation. We note that the basis
functions {h1,...,hq} and the snapshots {g,,,. .., 9., } span the same space by construction, i.e.,

Vo =span{hy,...,hq} =span{g.,, ..., 9uo }-
However, the former basis functions are preferred to the latter due to the properties
Ty =hi(z;) =1, 1<i<Q and Ty =hi(z;)=0, 1<i<j<Q.
This construction of the basis functions and interpolation points satisfies the following properties
[7):

o The basis functions {h1, ..., h,} are linearly independent;
o The interpolation matrix T;; is lower triangular with unity diagonal and hence invertible;
e The empirical interpolation procedure is well-posed in X, as long as convergence is not achieved.

Further, one easily shows that the interpolation operator I is the identity if restricted to the space
Vg, i.e., there holds
Iolgu)(®) = gu.(2), i=1,...,q, Vre,
and
Iolgu)(zi) = gu(zs), i=1,...,q, Y€ Pe,
by the interpolation property.
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Remark 5.1. As explained in [101], this algorithm can be applied to the selection of the interpolation
points only, in the case where the family of interpolating functions is predefined. This can be the
case if a canonical basis and ordering like the set of polynomials is selected beforehand. In this
case, the algorithm selects reasonable interpolation points on arbitrary domains (2. The sequence of
sets of generated interpolations points for different numbers of basis functions is hierarchical. Note
that the construction of good interpolation points on arbitrary non-tensorized domains is far from
trivial. The proposed procedure can provide good, but not optimal, points in such a case, c.f. [101].

If the L°°({2)-norm is considered, the error analysis of the interpolation procedure involves the
Lebesgue constant A, = sup,co > i |Li(z)| where L; € V, are the Lagrange functions satisfying
Li(z;) = 0;;. In this case, the following bound holds [7]

9 = Lol oy < (4 Aa) i0E [lg = vl -

Although in practice a very conservative bound, an upper bound of the Lebesque constant is given
by
Ay <29 -1,

see [101]. Further, assume that Mg C Xp C L°°(£2) and that there exists a sequence of finite
dimensional spaces

Zy CZy C ..., dim(Z,)=¢q, and Z;C Mg, Vg,

such that there exists ¢ > 0 and a > log(4) with

Uig;q 19, — U‘ZHXU <cem ™,y € Penw.

Then the upper bound on the Lebesque constant yields the estimate

ng _ IQ[gH]HLOO(Q) < ce—(@—log(4)) ¢

Remark 5.2. The worst-case scenario in which the Lebesgue constant scales like A, < 29 — 1 is
rather artificial. In implementations involving functions belonging to some reasonable set with a
small Kolmogorov N-width, one observes a growth of the Lebesgue constant that is much more
reasonable. In many cases a linear growth is observed, similar to what is observed for classic inter-
polation estimates where the growth is typically bounded by the logarithm of the cardinality of the
interpolation points. The generation of interpolation points can be seen as a generalization of Leja
points for arbitrary basis functions, see [9].

Remark 5.3. Recovering an affine decomposition (5.2) is closely related to the identification of a low
rank approximation of a bivariate function f(z,y) of the form

Q
Fla,y) =Y gg(@) hy(y).

The similarities between EIM and the Adaptive Cross Approximation (ACA) are discussed in detail
in [9].
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Remark 5.4. A generalization of the EIM, known as Generalized Empirical Interpolation Method
(GEIM) [98, 100], consists in replacing the point-wise interpolation (5.3) by the statement

UJ(IQ[g,M]) = Uj(QM)? .] = 1a . '7Qa

where the o; are well-chosen functionals among a set X' of functionals. The particular case of
0 = 0z, (6, denoting Dirac’s delta-function) recovers the EIM. In the general case, the set X can
consist of functionals requiring less regularity on the function g, than continuity, e.g., L?-regularity.
The functionals can consist of local averages or convolutions with Gaussian’s, to mention a few
examples.

The algorithm presented in the linear algebra box Empirical Interpolation Method can easily be
adapted to this case by replacing (5.5) by

)

7q = arg sup |0(gy,) = 0(Ig-1[9y,])
cex

and (5.6) by L]
Gpg — Lq—119u,
Uq(guq) - Uq(qul[guq]).

An elaborate convergence analysis of GEIM can be found in [99].

hy =

5.3 EIM in the context of the RBM

As already mentioned, there are several scenarios in which EIM becomes an essential component of
the reduced basis method paradigm to ensure computational efficiency. Most of these are related
to ensure an affine decomposition of the form (5.1) or the associated problem with force or output
functionals, or in the more general case to deal with nonlinear problems. In the following we discuss
in more detail how EIM can be used to address these challenges.

5.3.1 Non-affine parametric coefficients

In this first and still abstract example, we assume, as an example, that the bilinear form has the
following form

a(w, v; ) =/Qg(w;u) b(w, v; x) di,

where b(w, v; x) is bilinear in w and v for any x € {2 but the coefficient function g has a non-trivial
dependency on . If there is no known affine decomposition of the type

Qa
glwipn) =Y ag(p) hy(x), peP z€Q,

one can apply EIM to recover an approximate affine decomposition

g(a; 1) ~ Zaq(u) hq(z), pweP xell

q=1
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Linear algebra box: Empirical Interpolation Method

Given a discrete representation of the spaces 2 and Pery by 2, = {z1,...,za} and By = {1, ..., un}
which are M- resp. N-dimensional point-sets of {2 and Pemy. Consider the representative matrix of g
defined by

Gij =g(@i,p;), 1<i<M, 1<j<N.

For the sake of notation we apply the notation A.; to express the j-th column of any matrix A.
Assume that we are given a set of basis vectors Hg = [h1, ..., hg] and interpolation indices i1, .. .,iq.
The discrete interpolation operator Ig : R® — RM of some column vector g e RC is given as the span
of the basis vectors {hq}qQ:1 through Ig[g] = Hq a(g) for the vector a(, such that Ta,) = g with

Tre = (HQ)ikm k,g=1,...,Q.

Then, EIM can be expressed as:
Set ¢ = 1. Do while err < tol

1. Pick the sample index

Jjq = arg max 1G5 = Lo-1[G5]|
J=1,...,M

and the corresponding interpolation index

by = e T Gij, — (Ig-1[G5,])il-

i=1,...,
2. Define the next approximation column by

G, — [-1[G,]

h, = .
T Giggy — Le-1[Gij i
3. Define the error level by
err = max |G — Ig-1[Gy]|

and set q := ¢ + 1.

This procedure allows the definition of an approximation of any coefficient of the matrix G. In some
cases, however, one would seek to obtain an approximation of g(z, ) for any (z, u) € 2 X Pey. This is
possible as the interpolation points are provided by @i, ... ,z;,. The construction of the (continuous)
basis functions hg is subsequently based on mimicking part 2. in a continuous context. During the
discrete version outlined above, one saves the following data

Siq = (G ,)» from Ii1[Gy,] =Hg A(Gijq)>
Sqq = Gigjqg — (Lg-1[Gjg])ig-
Then, the continuous basis functions can be recovered by the recursive formula

(- s pig) — X321 Sig b
Sqq

g =

and therefore
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Fig. 5.1: The geometrical set-up for the extended illustrative Example 1.

Qa Qa
aw,vin) = > a1 ag(w.0) = Y- ay(n) [ hy(e)bw,viz) da,
g=1 qg=1 2

This technique can be applied in an entirely similar manner to obtain approximate affine decom-
positions of the right hand side f(v;u) or output functionals, as needed.

5.3.2 Illustrative Example 1: Heat Conduction part 5

Let us now illustrate how the Illustrative Example 1: Heat Conduction can be extended to account
for a geometric parametrization and ensure that the affine decomposition holds by the tools provided
by EIM.

Assume that the geometric configuration of the inclusion 2y is parametrized. We still assume
that the inclusion {2y is a disk centered at the origin but it has a variable radius g5 € [Fuin, Tnax)-
We denote the disk as £2o(p) and the geometrical set-up is shown in Figure 5.1. Furthermore, let
us introduce the reference radius ro = 0.5 - the one introduced in Section 2.3.1. Then 2y = 2(u)
for any p such that 5 = 7ro. In addition to the existing diffusion parameter j;,; = ko and the flux
intensity pu, we now have introduced a geometric parameter p . We therefore have that P = 3
and we denote the vector of parameters as 1 = (fipy, fhiz, His)-

The thermal conductivity, as a function acting on = € £2, is defined by

Ry = 1 + (,U[l] — 1) 190(#)7

where 10, (,) denotes the characteristic function of the parametrized inclusion £2o(u).

In terms of approximability of both the induced solution manifold M; and G = {x, | Vu € P},
it would not be a good idea to apply EIM directly to the family of functions x,. The resulting
approximation space would not be low dimensional as one would expect errors of order one if
approximating the characteristic function 1, by linear combinations of characteristic functions
based on some different sample radii.
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However, a reformulation of the problem can result in an approach with a low dimensional
approximation space and, thus, a reduced computational cost.

For each r € [rpin, Tnax), We introduce a continuous transformation (more precisely a homeo-
morphism) 7). : 2 — (2 such that T,|so = I; and |T,(2)| = r for all & € 2 such that |Z| = rg
and thus Im(7,|n,) = 2(p). More precisely, we can realize this by defining r_,ry such that
0<7r_ < Tpin < Tpax <74 <1and T.(2) = ¢,(|2]) & for all & € 2 where

1 i£0 < |2 <

or(J2]) = W[TO(TO - |if?|) Jr7’(|9:€| —7r-)] %f r- < |:%| <ro
ey ro(ro = [2) + r(|Z] —ry)] i ro <2 <7y
1 ifry < ‘i‘|

Recall that the illustrative example can be expressed as: for any u € P, find u(u) € V such that

a(u(p),v;p) = f(v;p), Vv eV, (5.7)

where

owovsn) = [ w, VYo, and g = [ v

I'base

By substitution we observe that

a(w, v 1) = /Q (T (2)) ((ju[al(@))*lvw(:ﬁ)) : ((j#m(@))*lvqs(:z)) ‘detj#m(fﬁ) dz,
flosi) = s [ 0@ i
where w(2) = w(Tyy (2)), 0(2) = v(Tuy (2)) and (j#m (@) = %ﬁj))l. In a similar manner,

define #,(2) = £, (T}, (%)) and observe that /|, = pp) and &, |, = 1. Based on this, we define

new bilinear and linear forms @ and f as

A, 050) = [ V(@) (G () VO(E) di - pey | Vi(E) - (G (2) VOLD)) di
f(vvlu/) = Mz /F ’U(QA?) d.’i‘7

with

Gy () = [det 3 ()] (B (8) ) (T ()7

By the regularity of the homeomorphic mapping 7)., (5.7) is equivalent to the statement: for any
w € P, find 4(u) € V such that

a(i(p), o) = f(osp), VO EV.
While this resolves the problem of the affine dependency of «,,, we have introduced a new dependency
of the parameter in the bilinear form a through J,, . Introducing the short notation ¢, , and @;[3]
for ¢, (|2]) and SDL[B] (1Z]), respectively, we can write
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S 10\ | Pug [ 32 F1do
I gy () = Pz (0 1) + =TT,

so that
det JH[S] ("%) = QO/_L[S] (SO/_L[g] + “%“D;L[g]) N

Under some mild assumptions on iy, Tmax With respect to r_,r; and rg, one can show that this
determinant is always positive. This allows us to express the inverse Jacobian as

- 1 10\ ¥ P2 —id
J 1 (a) — - - ‘ [3] " 2A Al 2
w8 = 3ot 3y (0) [‘p"“l (0 1) Tl i a?

and, consequently, we obtain

R 1 10 Py Py P2 —did
G = |¢? — ) :
K ®) det J,L[S] (%) l‘pum <0 1) + ( | 2] + ((p“l?’]) —X122 x%

We can now apply the EIM to get an affine decomposition of the form

Q
Gy (%) = IQ[GM[s]](Q:") = Z ag () Hy(2)
q=1

for some basis functions Hy,...,Hg chosen by EIM.

The framework of EIM needs to be slightly adapted to the case where the function to be
interpolated is a vector function in RV*M_ An interpolation point at the g-th iteration is specified
by a point &, € {2 and indices (i4,j,) with 1 <4, < N and 1 < j, < M that are encoded in a

functional o, defined by
Oq (Gu[s]) = (G#[s])iqjq (:ifI)'

The set of all such functionals shall be denoted by A. Given @ functionals o, € A of this form
chosen by EIM, the coefficients o, can be recovered by solving the linear system

Q
Zaq(ﬂlsJ)Uz‘(Hq) =0i (G ) » Vi=1,...,Q.
q=1

An overview of the algorithm in this more general setting is given in the algorithm box Empirical
Interpolation Method for vector functions. Let us finally mention that an alternative would be to apply
a separate scalar EIM for each of the components independently. This has the drawback that linear
dependencies among different coefficients are not explored, resulting in an affine decomposition with
a larger number of terms.

In Figure 5.2 we present the solution, using r_ = 0.1,7y = 0.9 and ry = 0.5 for the particular
parameter value 5 = r = 0.6. Figure 5.3 shows the convergence of the EIM for p; = r € [0.3,0.7]
with respect to the number @ of basis functions. One can clearly see an exponential decay.
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Fig. 5.2: The three components of the symmetric G, for pg = 0.6 with ro = 0.5.

5.3.3 Illustrative Example 1: Heat Conduction part 6
Problem formulation

We illustrate the application of the EIM to a variety of further challenges: nonlinear problems. In
the context of the illustrative example 1, assume that (2 is again a fixed domain as presented in
Section 2.3.1, but that the problem is made more complex by adding a nonlinearity to the equation.
We consider the following nonlinear truth problem: for any p € P, find ug(u) € Vs such that

(Vus(p), Vvs) o, + b (Vus(n), Vos )+ (9(us(p), vs), = flusin),  Vus € Vs, (5.8)

where g : R — R is a nonlinear function, (-,-)n, and (-,-)g, denote the L?-scalar products on 2
and (2 respectively. In this case, the reduced basis approximation reads: find uy, € V4, such that

(vurb(u)a v'Urb)Ql + M (Vurb(/’(’)a erb)no + (g(urb</f"))7 Urb)Q = (f7 'Urb)Qy vvrb € Vrb- (59)

Unfortunately, this most immediate formulation will not be computationally efficient as the cost of
evaluating the solution depends on Ny through the nonlinear term. Indeed, consider the associated
system of nonlinear equations obtained by testing (5.8) with any test-function ¢; € Vs: find uj €
RNs such that
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Fig. 5.3: Convergence of the EIM with respect to the number @ of basis functions.

(A5 + pw AZ) uf +gs(uf) = 1, (5.10)

with gs(uf) € RN being defined component-wise by (gs(u§)), = (g(us(1)), ¢i),, and where A}, A3,
fs and us are defined following the standard notation used in here. The reduced basis counter-part
reads then: find u¥, € R such that

(All-b + .U’ll]Agb) uitb + grb(ufb) = frp, (5.11)

with grp(uly,) € RY defined component-wise by (geo(uy,)), = (9(ur(p)),&n),, and where again
AL AZ | fy, and uy are defined following the standard notation. It follows therefore that

grb(ufb) = BTg(;(Bufb).

This assembly process clearly depends on Nj as the matrix B € RYs*¥ is of dimension N5 x N.
In the following we will discuss two different strategies which are based on the EIM to obtain
efficient and accurate approximations of this term.

Using the Empirical Interpolation Method

As proposed in [101], a remedy can be based on the EIM applied to the family of functions
Msg = {gM = g(us(p)) | & € P and wus(p) solution to the truth problem (5.8)}7

where each member is a function of 2, i.e. g, : 2 — R.
During the Offline-stage, one applies the EIM to the family of functions Mj; 4 in order to obtain
Q interpolation points z1,...,zg € {2, @ sample points p1,...,pug € P and @ basis functions
hi,...,hg such that
span{hi,...,hq} = span{gu,,...,gu, }-

Then, for any p € P, the interpolant Ig[g,] = ¢ aq(p) hy is defined by

g=1
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Algorithm: Empirical Interpolation Method for vector functions

Input: A family of vector functions G, : 2 — RN*M

and a target error tolerance tol.

, parametrized by a parameter pu € Pgn

Output: A set of @ basis functions {Hq}qQ:1 and interpolation functionals {aq}qul.

Set ¢ = 1. Do while err < tol:

1. Pick the sample point

g =arg sup sup |[(Gp)i; — (Iq—l[Gu])inXQ,
pEREmM 1<i<N
122 M

and the corresponding interpolation functional

04 = arg sup |O‘ (Guy —14-1[Gy,]) ‘
oeA

2. Define the next basis function as

hq _ GHq - Iq—l[Guq] )
Oq (Guq - qul[Guq])
3. Define the error
err = HerrpHLw(&m) with err,(u) = 1;15\7 (Gu)ij — (qul[GuDinxnv
1<<M

and set q := ¢ + 1.

I0l9u)(xq) = gu(zq) = glus(xgs 1)),  Vg=1,...,Q.

To recover an online procedure that is independent on Ns, the strategy is to replace the term
g(urp(p)) by its interpolant Ig[g(um(p))] = Zqul aq(p) hq in (5.9) to obtain an approximate non-
linear term

Q
(Q(Urb(,u)),Urb)Q o~ Zaq(u) (hq,vrb)g.

If the reduced basis approximation is expressed as ups(p) = Y, _; (U )n &, then

Q Q N
ag(11) = > (T g g(um(@r; 1)) = > (T Vg g (Z(uifb)n én(wk)> ;

k=1 k=1 n=1

where T~! denotes the inverse of the interpolation matrix (T)x, = hy(xx) provided by the EIM.
Therefore the approximate nonlinear part has an affine decomposition

Q
(Q(Urb(ﬂ))a Urb)g ~ Z 9q(u¢b) bg(Vrn),
q=1

where
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bq(vrb) = (hq7 vrb)Q7

Q N
0q(p) = Z(T_l)qk 9 (Z(Uf:b)n gn(fk)> .

k=1 n=1

The efficient implementation of the reduced basis approximation then becomes: find wup(p) =
Y1 (W )n &n € Vi such that

Q
(Vurm vvrb)gl + ppy (V’Mrb, erb)_QO + Z eq(ui:b) bq (Urb) = f(vrb; N)7 Vr, € Vo, (512)

g=1

which translates into the N-dimensional system of nonlinear algebraic equations
Q
(Aib + N’[IJAEb) ug, + Z 04(uzp) by = fro, (5.13)
q=1

for the unknown uly, where b, € RV with (b)), = by(&,). This can then be solved with Newton’s
method for example.

The Discrete Empirical Interpolation Method (DEIM)

In the context of nonlinear equations, a slightly different technique, called discrete EIM (DEIM)
and introduced in [20] as a variant of the general EIM, has become popular in the POD-community.
Indeed, the differences with respect to the strategy outlined above can be summarized in (i) the
generation of the collateral basis functions {h1,...,hq} and (ii) the representation of the nonlin-
earity by its finite-dimensional expression g, = gs(uf) € RYs rather than as the generic nonlinear
function g, = g(us(p)) : £2 = R. Therefore, the focus is naturally on the algebraic representations
in the form of (5.10) and (5.11).
Consider the set

Mps.g = {gu = gs(u) | € P and us(u) = SN (ul); s solution to the truth problem (5.8)}.

Then, different snapshots {gs(u5"), ... ,gs(us™)} C RMs for a large number M of samples are col-
lected in order represent My, , accurately. A representative basis {b}, ... ,béQ} C RMs of ) terms
is obtained by means of a Proper Orthogonal Decomposition (POD) (see Section 3.2.1 for a dis-
cussion of POD). This means that any of the snapshots can be obtained as a linear combination of
the basis functions {b}, ... ,béQ} up to some precision.

Given any function uf§ € Vs, represented by uf € R, the coefficients of the linear combination
of {b}, ... ,b?}, needed to approximate gs(uf) are provided through interpolation at some selected
indices. Indeed, let {i1,...,ig} be @ distinct indices among {1,..., N5} so that the matrix T €
R@*Q with Ty, = (b$);, is invertible. Then, the approximation to gs(uf) is given by imposing the
interpolation at the specified indices

k

Q
Zquaq(,u): (gs(ug))i ) k=1,...,Q,
q=1
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to uniquely determine the coefficients a4(1). The approximation is then given by

Q
gs(uf) & Y ag(p) bl
q=1

If provided with a reduced basis approximation ul, € Vy, represented by uly, the approximation
comprises

Q
grv(Uzp) ~ Z 04(uzy) b
q=1

with bfy, = BTb{ € RY. Here B € RVs*¥ represents the reduced basis functions &, in the truth
space V. Further, the coefficients {aq(u)}qul are obtained through the interpolation

k

Q
S Thgagn) = (gw(l), . k=1,....Q, (5.14)
q=1

and thus

Q
aq(uﬁb) = Z(Tﬁl)qk (grb(uﬁb))ik, qg=1,...,Q.
k=1

With the above definitions the reduced basis approximation is obtained by the solution of the
following N-dimensional system of nonlinear equations

Q
(Agy + p Adp) uf, + Z 04(uzp) by = fr,
q=1

similar to (5.13) but with a slightly different definition of the coefficients 6, and the vectors bf,.
There are two remaining questions: (i) How to select the interpolation indices iy, and (ii) how
to access efficiently (independent on Ny) the coefficients (grb(ufb))ik.
The interpolating indices are found by applying an EIM-like procedure where the basis vectors
b, ... ,béQ (including its specific order) are given. The indices are then defined iteratively by

iy = arg max ‘(bg —I—1[b3]):
i=1,...,Ns

)

where I,_; denotes the interpolant based on the basis functions b};, . ,bg_l and the interpolation
indices i1, ... ,i4—1 obtained at previous iterations. Such a procedure was already introduced in
[101] in order to find good interpolation points for interpolation by arbitrary (possibly polynomial)
functions on non-standard domains and is referred to as Magic Points.

Finally, for an efficient implementation, it is important that the procedure

uby — {(gé(ufb))ik }l?:v

is independent of Ny, as this is needed to obtain the coefficients in (5.14). This is indeed possible
if the corresponding mass matrix (¢;, ¢;)n is sparse and we refer to [20] for the details. Note that
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the sparsity is essential for an efficient implementation and therefore the approach is not suited for
spectral methods for example.

Let us conclude with some remarks. The complete strength of the EIM is not used in the above
presentation as the interpolating matrix T can be ill-conditioned. However, this is avoidable by a
simple trick. It is recommended to also update the basis functions by substracting the previous
interpolant and scaling the error function by

na _ bg — ]qul[bg]
5 = y
(b = Ig—1[b3])s,
where now ]~Iq,1 denotes the interpolant based on the modified basis functions B};, ,Bg_l and
interpolation indices 71, ... ,74—1 obtained at the previous iterations. This guarantees that the linear

system, needed to solve the interpolation problem, is always well-conditioned since the matrix is
lower triangular with ones on the diagonal.

A comparitive discussion

As a general feature, it should be mentioned that the basis generation is handled differently in EIM
and in DEIM. While EIM is based on a greedy-procedure, the DEIM is based on a POD-procedure.
In both cases however, the basis generation can be uncoupled from the general framework (working
with the nonlinear function g, versus its finite-dimensional representation g,) so that either basis
generation can potentially be applied.

A distinguishing element of the two techniques is the order in which EIM and discretization is
applied. In the EIM-based approach, one first applies the function-based EIM which subsequently is
discretized. On the contrary, in DEIM the starting point for the EIM is the discrete representation
of the nonlinearity. The level of discretization may render the two results different, recovering the
same approximation in the continuous limit.

The different aspects of the online phase can be summarized as follows.

EIM DEIM

Input: Interpolation points z1,...,zq Interpolation indices %1, ...,%¢Q
Basis functions hi,...,hg : 2 — R Basis vectors b}, ..., baQ € RNs

Interpolation

matrix: (T)kg = hq(x) Trq = (b§)i

Reduced basis T

vectors: (bgb)” = (hqv'gn)_(p Vn = 17 ’N bgb = B bg

Nonlinearity Q N Q

in uky: 0q(uly) = I;l(T l)qk g (Z;l(ufb)n fn(zk)) 0q(uly) = k;(T )ak (grb(ufb))ik
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Beyond the basics

In this final chapter we discuss some important extensions to the methodology presented in details
in the previous chapters to motivate the readers to apply the reduced basis methodology to more
complex problems of their own interest. The extensions are related to (i) time-dependent problems,
(ii) geometrical parametrization of the computational domain and (iii) non-compliant outputs and
primal-dual approximations, and (iv) non-coercive problems. Although the discussion of these ex-
tensions are accompanied by numerical tests, we conclude with a final numerical example to offer
evidence of the potential of the discussed techniques for complex three-dimensional applications.

6.1 Time-dependent problems

Consider the following parabolic model problem: Given a parameter value u € P C RP, evaluate
the output of interest
s(typ) = L(u(t;p),  Vtel:=[0,T,

where u(p) € CO(I; L2(£2)) N L?(I; V) satisfies
(Oeut; 1),v) 12 +alult: p),v;p) = g(t)f(v), Vv eV, Vtel, (6.1)

subject to initial condition u(0; 1) = ug € L?(£2). Here g(t) € L?(I) is called the control function.
To keep the presentation simple we assume that the right hand side f and the output functional £
are independent of the parameter although this assumption can be relaxed. As in the elliptic case,
we assume that the bilinear form a(-, -;p) is coercive and continuous (2.4), satisfies the affine
assumption (3.11) and is time-invariant. We denote by (-, -)r2(g) the L?(£2) scalar product. In the
following, we consider a compliant output as

s(tiw) = flultip),  Vtel:=[0,T]

6.1.1 Discretization

We next introduce a finite difference discretization in time and maintain the discrete approximation
space V; in space to discretize (6.1). We first divide the time interval I into K subintervals of equal
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Linear algebra box: Algebraic formulation of the time-dependent truth problem ‘

We develop the algebraic equations associated with (6.2)—(6.3). The truth approximation uf(u) € Vs

is expressed as
Ns

us () =D (uh )i @i, (6.4)

i=1
given the basis V5 = span{¢i, ..., pn; | of the truth space V;. By testing with vs = ¢; foralll < j < N
in (6.2) and using (6.4) we obtain

k
(ﬁNLS + Ag) ug,k = ﬁMJ ug,kﬂ +g(t") fs,

which defines the coefficient vector uj, at the k-th step. The matrices Af, M; and the vector f5 are
defined by

(Ms)ij = (25, 9i)L2(2)> (A5)ij = a(pj, pis 1), and  (f5); = f(®i),

for all 1 < 4,5 < Ns. We can evaluate the output as

length At = T¢/K and define t* = kAt, 0 < k < K. Hence, given u € P, we seek uf(pn) € V5,0 <
k < K, such that

ﬁ(ulg(u) - u]g_l(:u’)avﬁ)Lz(Q) + a(“]g(ﬂ)avﬁu) = g(tk)f(v(;), Vus € Vs, 1<k <K, (62)

subject to initial condition (ug,vs)r2(0) = (uo,vs
sumption, we evaluate the output for 0 < k < K,

sy (p) = f(uf (). (6.3)

Equation (6.2), comprising a backward Euler-Galerkin discretization of (6.1), shall be our point

of departure. We presume that At is sufficiently small and Ny is sufficiently large such that ulg(u)

and s¥(p) are effectively indistinguishable from u(t*; ;1) and s(*; u), respectively. The development

readily extends to Crank-Nicholson or higher order discretization. The solution process for the truth

solver is outlined in Linear algebra box: Algebraic formulation of the time-dependent truth problem
As in the elliptic case, we consider the discrete solution manifold

)12(2), Vs € Vs. Recalling the compliance as-

ME = {uf(u) |1 <k <K, peP}cC Vs,

as the analogous entity of (3.2) for the parabolic case and seek a small representative basis thereof,
i.e., the reduced basis for the parabolic problem. The reduced basis approximation [52, 111] is
based on an N-dimensional reduced basis space V., generated by a sampling procedure which
combines spatial snapshots in time and parameter space in an optimal fashion. Given u € P, we
seek uk (1) € Vpp, 0 < k < K, such that

ﬁ(uﬁb(u) - fo?l(/i%”rb)m(n) + a(u’;b(:u)ﬂ)rb? ,u) = g(tk) f('Urb), Vorp € Vrbv 1<k< K> (6'5)

subject to (u(r)b(,u),vrb)Lz(Q) = (ug,vrb)Lz(Q),Vvﬂ, € V. and evaluate the associated output: for
0<k<K,
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Linear algebra box: Algebraic formulation of the time-dependent reduced basis problem ‘

We develop the algebraic equations associated with (6.5)—(6.6). The reduced approximation u%, (1) € Vg
is expressed as

Ufb(/i) = Z(ufb,k)" &n, (6.7)

given the reduced basis Vi, = span{&,...,&n}. By testing with v = &, for all 1 < n < N in (6.5)
and using (6.7) we obtain:

(ﬁMrb + Agb) ufb,k = ﬁMrb ufb,k—l + g(tk) fro, (6.8)

for defining the reduced basis coefficients (ufb’k)n, 1 <mn < N, at the k-th step. The matrices A%, My
and the vector fy, are defined by

(M) nm = (€m>£n)L2(Q)7 (Afb)nm = a(&m,&ni 1), and (fro)n = f(&n),

for all 1 < n,m < N. Subsequently we evaluate the reduced basis output as

Sfb(ﬂ) = (ufb,k)T L.

Using the affine decompositions, (6.8) can be written as

Qa
(AltMrb + Z 03 (1) Agb) uﬁb,k = iMrb ugb,k—l + g(tk) fro,

q=1

where
(Agb)nm ZGQ(£m7§W)7 ]- Snamg N

Note that the matrices and vectors are related to the truth matrices and vectors by
M% =B "M!B, A =BTAsB, and  fp = BTf;,

where B is the matrix that represents the reduced basis in terms of the truth basis; see linear algebra
box The reduced basis approximation in Chapter 3.

spo(10) = fluzs(w)- (6.6)
The solution process for the reduced basis approximation is outlined in Linear algebra box: Algebraic
formulation of the time-dependent reduced basis problem
The offline-online procedure is now straightforward since the unsteady case is very similar to
the steady case discussed before. There are, however, a few critical issues to address. As regards
storage, we must now append to the elliptic offline data set the mass matrix M,y associated with
the unsteady term. Furthermore, we must multiply the elliptic operation counts by K to arrive at
O(KN?) for the online operation count, where K is the number of time steps. Nevertheless, the
cost of the online evaluation of s¥ (1) remains independent of Nj even in the unsteady case.

6.1.2 POD-greedy sampling algorithm

We now discuss a widely used sampling strategy to construct reduced basis spaces for the time-
dependent parabolic case based on combining proper orthogonal decomposition in time with a
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Algorithm: The POD-greedy algorithm
Input: tol, w1, n =1, N1 and No, Z = 0.
Output: A reduced basis space Vyp.

1. Compute {uj(pn),. .., us (1n)} as the sequence of truth solutions to (6.2) for jin.

2.  Compress this time-trajectory using a POD and retain the relevant modes: {(1,...,(n,} =
POD({ug(ptn), - - -, u (in)}, N1).

Z+{Z2,{¢G,..-,¢n )
Set N «+ N + N> and compute {&1,...,En} = POD(Z, N).
Vo = span{&1,...,&n}

fin+1 = arg max n(t"; p)
HEP

(o) BN I N V)

7. If n(tK;unH) > tol, then set n:=n+ 1 and go to 1., otherwise terminate.

greedy approach in parameter space. Let us denote by P, a finite sample of points in P, serving as
a surrogate for IP in the calculation of errors and error bounds across the parameter domain.

A purely greedy approach [52] may encounter difficulties best treated by including elements of the
proper orthogonal decomposition selection process [57]. Hence, to capture the causality associated
with the evolution, the sampling method combines the proper orthogonal decomposition, see Section
3.2.1, for the time-trajectories, with the greedy procedure in the parameter space [52, 156, 144] to
enable the efficient treatment of the higher dimensions and extensive ranges of parameter variation.

Let us first summarize the basic POD optimality property, already discussed in Sect. 3.2.1,
applied to a time-trajectory: given K elements ulg(u) € V5, 1 < k < K, the procedure
POD({u}(p),...,ul(n)}, M), with M < K, returns M V-orthonormal functions {&,,,1 <m < M}

for which the space Vpgp = span{{,,, 1 < m < M} is optimal in the sense of

| X 1/2
Vo=  arginf <Kk21vé%”“§<“>‘”'§>~

Y Cspan {uff (1), 1< <K}

Here Y}; denotes a M-dimensional linear subspace of V. The POD-greedy algorithm, as outlined in
the algorithm box The POD-greedy algorithm, comprises an intertwined greedy and POD algorithm.
The greedy algorithm provides the outer algorithm where, for each new selected parameter point
fin, the first N principal components of the time-trajectory u}(uy,), - .. ,uk (1) are recovered. In a
subsequent step, the existing N-dimensional reduced basis space is enriched with those components
to build a new N 4+ N5 dimensional basis. Finally, the a posteriori error estimator is used to define
a new sample point p,41 which minimizes the estimated error over the training set P,.

To initiate the POD-greedy sampling procedure we specify Py, an initial sample point @1 and a
tolerance tol. The algorithm depends on two suitable integers N1 and Ns.

We choose NV; to satisfy an internal POD error criterion based on the usual sum of eigenvalues
and tol. Furthermore, we choose No < N; to minimize duplication with the existing reduced basis
space. It is important to observe that the POD-greedy method is based on successive greedy cycles so
that new information will always be retained and redundant information rejected. A purely greedy
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approach in both ¢ and g [52], though often generating good spaces, can stall. Furthermore, since
the proper orthogonal decomposition is conducted in only one dimension, the computational cost
remains relatively low, even for large parameter domains and extensive parameter train samples.

As we discuss in Section 6.1.3, n(t¥; i) is assumed to provide a sharp and inexpensive a posteriori
error bound for |[uf(u) — uf (p)|lv. In practice, we exit the POD-greedy sampling procedure at
N = Npax for which a prescribed error tolerance

a tK; < tol,
fféﬂ»}f,n( p) < to

is satisfied. Note that the POD-greedy generates hierarchical spaces VY, 1 < N < Ny, which is
computationally advantageous.

Concerning the computational aspects, a crucial point is that the operation count for the POD-
greedy algorithm is additive and not multiplicative in the number of training points in P, and
Ns. In a pure proper orthogonal decomposition approach, we would need to evaluate the “truth”
solution for each p € P,. Consequently, in the POD-greedy approach we can take P, relatively
large and we can expect that a reduced model will provide rapid convergence uniformly over the
parameter domain.

A slightly different version of the POD-greedy algorithm was proposed in [57] where the error
trajectories uf (p1,) — uk (u,) are added instead of u%(u,) to avoid the second POD-compression.

6.1.3 A posteriori error bounds for the parabolic case

Let us discuss the a posteriori error estimation for affinely parametrized parabolic coercive partial
differential equations. As for the elliptic case, discussed in Chapter 3, we need two ingredients to

construct the a posteriori error bounds. The first is the Riesz representation 7% () of the residual

7#(-; 1) such that

k
R 7 (vs; 10)
175 (W) llv = sup ———

1<k<K
vsEVs ||v5||V ’ ’

where 7*(-; 1) is the residual associated with the reduced basis approximation (6.5) defined by
rk(vé; :u) = g(tk)f(v5) - ALt(u]:b(:u) - ufb_l(u)a U‘;)LQ(Q) - a(ufb(:u% Us; ,LL),

for all vs € Vs, 1 < k < K. The second ingredient is a lower bound for the coercivity constant

as(p), 0 < oup(p) < as(p), Y € P.
We can now define our error bounds in terms of these two ingredients as it can readily be proven
[52, 57] that for all u € P,

[uf (1) = wi ()l < mba(p)  and - [sg(p) — sip(w)| <nf(p),  1<k<K,
where 1% (1) and n¥ (i) are given as
At & :
M (1) = ( > |IFk (u)ll%) and b () = (nk(n)*.

t
ars () 1

We assume here for simplicity that u$(u) € Vyp; otherwise there will be an additional contribution
t0 17 ().
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Although based on the same elements as the elliptic case, the offline-online procedure for the
error bound is a bit more involved. Following [111], consider the decomposition of the residual using
the affine decomposition

N
¥ (vsip) = g(t*) f(vs) — 2 D> (Al In (Gnsvs)2(0) — Z Z 02 (1) (W 1) g (€ns vs),

n=1 q=1n=1

with (AL 1 )n = (uy x)n — (W, ,_1)n and then introduce the coefficient vector r*(u) € R@:, with
Q=1+ N + Q. N terms, as

() = (9.~ (A5, ~HT O (T 62 (n))
With a similar ordering, we define M € (V)™ and 4, € (V5)V for 1 < ¢ < Q, by
M = ((&1, )2y, - ENs ) r22)), and Ay = (aq(&1, ), - aq(én, ),
and the vector of forms R € (V5)@r as
R=(f,M,A;, ..., A0,)",
to obtain

r 'U67 ZI" v5 Yvs € V.

As in Chapter 4, denoting by 7{ the Riesz representation of Ry, i.e. (77, vs)y = Rq(vs) for all vs € Vs
and 1 < g < @, we recover

Py(u) = > re(p) 7l
g=1
and
Qr
P55 = > ch(u)rh () (rgaff%)v (6.9)
q,9'=1

Observe that (7], 7 )V are time-independent.

The offline-online decomposition is now clear. In the p-independent construction stage we find

the Riesz-representations 7§, and the inner products (74, 6/)\; at possibly large computational cost

O(Q: N5 4+ Q2 Ns). In the p-dependent online procedure we simply evaluate (6.9) from the stored
inner products in O(Q?) operations per time step and hence O(Q? K) operations in total. The cost
and storage in the online phase is again independent of Nj.

We may also pursue a primal-dual reduced approximations [124, 52, 144], explained in more
detail in Section 6.3, to ensure an accelerated rate of convergence of the output and a more robust
estimation of the output error. However, in cases where many outputs are of interest, e.g., inverse
problems, the primal-only approach described above can be more efficient and also more flexible
by being expanded to include additional output functionals.
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Fig. 6.1: Geometric set-up (left) and the convergence of the POD-greedy algorithm (right) for the
time-dependent thermal block heat conductivity problem.

6.1.4 Illustrative Example 3: Time-Dependent Heat Conduction

In this example we solve a time-dependent heat transfer problem in the two-dimensional domain
shown in Figure 6.1, using the POD-greedy approach.
The bilinear form for the problem (6.1) is given as

8
a(w,v; p) = Z Hip) / Vw - Vv + Vw - Vu,
e 2, 2

where i, is the ratio between the conductivity of the 2, and (29 subdomains, respectively, and
Hp € [0.1,10] forp=1,...,8.
Homogeneous Dirichlet boundaries conditions have been applied on I, and thus
w=0 on [ip.

Inhomogeneous parametrized Neumann boundary conditions, corresponding to heat fluxes, are im-
posed on the bottom boundary I},ottom and result in the following right-hand side:

flosp) = um/ v.
Fbottom
where
t) € [-1,1].

Finally, homogeneous Neumann boundary conditions are applied on the remaining part of the
boundary, i.e. on the left Iier and the right e of the square.

In Figure 6.1 the convergence of the POD-greedy algorithm is illustrated confirming exponential
convergence also in this time-dependent case (Tt = 3s, At = 0.05s). The algorithm was performed
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N Tlen,av effen,max effen,av

5 0.18 24.67 7.51
10 0.07 26.27 7.69
15 0.03 25.82 6.79
20 0.02 31.63 9.53

Table 6.1: Error bounds and effectivity metrics for the field variable uy, (1) with respect to the
number of reduced basis functions N for the thermal block time-dependent problem.

on a training set P, of cardinality 5’000. Table 6.1 shows the averaged a posteriori error estimate
over the validation set P}, of cardinality 3’000 as well as the maximum and average effectivities of
the estimator confirming the quality of the estimator.

Finally, we show in Figures 6.2-6.4 the truth solution as well as the reduced basis approximation
and the pointwise errors for three different parameter values.

6.2 Geometric Parametrization

Reduced basis methods can be applied in many problems of industrial interest: material sciences
and linear elasticity [107, 31, 64, 66], heat and mass transfer [35, 148, 143, 46], acoustics [150],
potential flows [141], micro-fluid dynamics [145], electro-magnetism [27]. In many such problems,
there are physical or engineering parameters which characterize the problem, but often also geo-
metric parameters to consider. This combination is quite typical for many industrial devices, e.g,
biomedical devices or complex aerodynamic shapes [104, 102, 83, 146].

Let us consider a scalar field in d space dimension. We define an original problem, denoted by
subscript o, posed over the parameter-dependent physical domain §2, = 2,(u). We denote by V, (1)
a suitable Hilbert space defined on (2,(u) and consider an elliptic problem of the following form:
Given p € P, evaluate

SO(ILL) = eo(uo(/u‘); M)v (610)

where uo(1) € Vo(p) satisfies

ao(to(p), vip) = folvip), Vv € Vo(u). (6.11)

The reduced basis framework requires a reference (p-independent) domain {2 to compare and com-
bine discrete solutions that otherwise are computed on different domains and grids. Hence, we
map (2,(p) to a reference domain 2 = (2,(i1), i € P to recover a transformed problem of the
form (2.1)—(2.2), which is the point of departure of the reduced basis approach. The reference do-
main (2 is related to the original domain §2,(u) through a parametric mapping T'( -; i), such that
2,(pn) = T($2; ) and T'(-; i) becomes the identity. It remains to place some restrictions on both
the geometry (i.e. on £2,(u)) and the operators (i.e. ao, fo, £,) such that the transformed problem
satisfies the basic hypotheses introduced above, in particular, the affine assumptions (3.11)—(3.13).
For many problems, a domain decomposition may be useful [144] as we shall demonstrate shortly.

Let us first consider a simple class of admissible geometries. To build a parametric mapping
related to geometrical properties, we introduce a conforming domain partition of £2,(1),

Lg
() = |J 2. (612
=1
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Fig. 6.2: Comparison between the truth model (a), the reduced basis approximation (b) for p =
(1.0,10.0,10.0,1.0,10.0,1.0,10.0,1.0,10.0, —1.0) at the final time Tt = 3s. The pointwise error
between the two solutions is reported in (c).
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Fig. 6.3: Comparison between the truth model (a), the reduced basis approximation (b) for
i o= (5.24,1.34,8.52,5.25,1.38,7.98,0.94, 2.54,0.98) at the final time Ty = 3s. The pointwise er-
ror between the two solutions is reported in (c).
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consisting of mutually nonoverlapping open subdomains §2(u), such that §2!(u) N Qg(,u) = 0,
1 <1< l' < Lg. The geometric input parameters, e.g. lengths, thicknesses, orientation, diameters
or angles, allows for the definition of parametric mappings to be done in an intuitive fashion.
The regions can represent different material properties, but they can also be used for algorithmic
purposes to ensure well-behaved mappings. In the following we will identify £2! = 02! (), 1 <1 < Lg,
and denote (6.12) the reduced basis macro triangulation. It will play an important role in the
generation of the affine representation (3.11)—(3.13). The original and the reference subdomains
must be linked via a mapping T'(-; ) : 2! — QL(n), 1 <1< Lg, as

Q(w) =T (25 ),  1<1<Lo.

These maps must be bijective, collectively continuous, such that 7" (x; ) = TV (z;p), Ve 2INv,
for1<l<l' < Lg.
If we consider the affine case, where the transformation is given, for any p € P and = € 2!, as

T (1) = G () 2 + ¢ (1),

for given translation vectors ¢! : P — R? and linear transformation matrices G! : P — R%*?, The
linear transformation matrices can enable rotation, scaling and/or shear and must be invertible.
The associated Jacobians are defined as J!(u) = |det (G!(u))], 1 <1< Lg.

Let us now explain how to introduce the geometric parametrization in the operators. We consider

the bilinear forms
Lo

aolwvin) = [ D)KL D) (6.13)
=1 7 25 (w)
where D(v) : 2 — Rt is defined by D(v) = [%, ey g;’d, v]T, and K! : P — RUE@+Dx(d+1)]

1 <1 < Lg, are prescribed coefficients. Here, for 1 < | < Lg, K!: P — RE+DxE+]) 4g 5
given symmetric positive definite matrix, ensuring coercivity of the bilinear form. The upper d x d
principal submatrix of K! is the usual tensor conductivity/diffusivity; the (d 4+ 1,d + 1) element
of K. represents the identity operator and the (d + 1,1) — (d + 1,d) (and (1,d + 1) — (d,d + 1))
elements of K/, which we can be zero if the operators are symmetric, represent first derivative terms
to model convective terms.

Similarly, we require that f,(-) and £,(-) are expressed as

Lo

P =3 [ B i =

=1

Lo

> / Ly(p) v,
02L(p)

=1

where F! : P — R and L. : P — R, for 1 <1 < L, are prescribed coefficients. By identifying
u(p) = uo(p) o T( -5 p) and tracing (6.13) back to the reference domain (2 by the mapping T'(-; u),

we can define a transformed bilinear form a(-, -; u) as
Lo
a(w,v;p) = | D(w)"K'(n)D(v), (6.14)
=17

where K! : P — R@+Dx(d+1) 1 <] < L, is a parametrized tensor

K' (1) = J' (1) G' (1) KL () (G ()™
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and G : P — RUETD*(A+HD) g given by

The transformed linear forms can be expressed similarly as

L(z LQ
] = E ! v v; = E ! [ .
f(U, /J) - P ol F (:u) ) f( 7/’[’) o A)l L (lu’) ’ (6 15)

where F' : P — R and L' : P — R are given by F! = J'(u) Fl(u), L' = J'(u) L (), for 1 <1 < Lg.
In this setting, the problem on the original domain has been recast on the reference configuration
{2, resulting in a parametrized problem where the effect of geometry variations is now expressed
by its parametrized transformation tensors. With the above definitions and defining V = V, (),
(6.10)—(6.11) is equivalent to: given u € P, evaluate

s(p) = Lu(p); 1),

where u(p) € V satisfies
a(u(p),v;p) = f(v;p), Yv e V.

The affine formulation (3.11) (resp. (3.12) and (3.13)) can be derived by simply expanding the
expression (6.14) (and (6.15)) in terms of the subdomains 2! and the different entries of K' (and
FU LY.

The process by which we map this original problem to the reference problem can be auto-
mated [144]. There are many ways in which we can relax the given assumptions and treat an even
broader class of problems. For example, we may consider curved triangular subdomains [144] or
coefficient functions K, M which are high order polynomials in the spatial coordinate or approxi-
mated by the Empirical Interpolation Method, see Chapter 5. In general, an increased complexity in
geometry and operator will result in more terms in affine expansions with a corresponding increase
in the online reduced basis computational costs.

6.2.1 Illustrative Example 4: a 2D geometric parametrization for an Electronic
Cooling Component

We consider a first example to illustrate the geometrical parametrization in the context of reduced
basis methods to apply the above theoretical considerations. The original domain £2,(u)

2o(p) = (=2,2) X (=2,2) \ (=g ) X (—hi2) Bpz1),

is provided as a square with a variable rectangular hole. The two geometric parameters correspond
to the dimensions of the rectangular hole. The user-provided control points/edges are shown in
Figure 6.5(a) which yield the Ly = 8 reduced basis macro triangulation of {2 shown in Figure
6.5(b). There are Q, = 10 different terms in our affine expansion (3.11) for the Laplacian. Due to
the symmetry in the reduced basis triangulation, the number of terms in the affine expansion for
the Laplacian reduces from the maximum possible of 24 to 10.

We consider this geometric configuration to study the performance of a device designed for
heat exchange. The internal walls It — I’y are subject to a constant heat flux to be dissipated.
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Fig. 6.5: The geometric set-up and control-points (a) and the reduced basis macro triangulation of
the reference configuration {2, used to define the piecewise affine transformation (b).

The outer walls I5 — I's of the square are characterized by a heat exchange rate with a fluid
surrounding the device. We model the air flow by a simple convection heat transfer coefficient, i.e.
the Biot number, used as third parameter p 5 for the model problem. The steady-state temperature
distribution is governed by a Laplace equation. Our output of interest is the average conduction
temperature distribution at the inner walls. We shall therefore consider the Laplace operator (thus
with isotropic diffusivity) corresponding to (K.)11 = (K!)22 = 1 and all other entries of K! zero
for 1 <11 < Lp. We are dealing with P = 3 parameters and the parameter domain is given by
P =[0.5,1.5] x [0.5,1.5] x [0.01, 1].

From an engineering point of view, this problem illustrates the application of conduction analysis
to an important class of cooling problems, for example for electronic components and systems.

We now turn the attention to the problem formulation on the “original” domain £2,(u). We
consider (6.10)—(6.11) with V, (1) = H*(£2,(11)) and

ao(w,v;u)z/ Vw - Vv + pu / w—|—/ w+/ w—!—/ w |,
26(p) Ios I'ne Io7 Ins
o= [ or [ vr [ ws [
I Iy I3 Isa

which represents the bilinear form associated with the Laplace operator, imposing the the Robin-
type boundary conditions on the outer wall, and the linear form, imposing the constant heat flux
on the interior walls respectively. The problem is clearly coercive, symmetric, and compliant as
So(1) = fo(u(p)).

The Finite Element method has been computed employing first order elements. In Fig. 6.6(a)
the mesh of the reference domain {2 featuring 4’136 elements is illustrated.

The basis functions are obtained by orthogonalization, through a standard Gram-Schimdt pro-
cedure, of snapshots selected by the greedy algorithm as discussed in Section 3.2.2. The training
space Pj, consists of 1’000 points in P. In Fig. 6.6(b), we plot the maximum error (over Pp) with
respect to the number of basis functions employed. The first four snapshots are depicted in Fig. 6.7.
In Fig. 6.8, the outcomes provided by the truth solver and the reduced basis computations, for a ran-
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Fig. 6.6: The finite element mesh used for the truth solver (a) and the maximum error of the
greedy-algorithm with respect to the number of basis functions employed (b) for the electronic
cooling component problem.

N Ten,av effen,max effen,av N Ts,av effs,max effs,av
5 0.43 16.73 8.23 5 0.13 12.20 4.53

10 0.11 23.45 12.37 10 1.17e-2 23.95 11.86
15 4.21e-2 33.65 14.78 15 1.82e-3 34.03 18.48
20 5.67e-3 38.24 16.35 20 3.25e-5 41.65 22.18

Table 6.2: Error bounds and output error bounds with effectivity metrics as a function of IV for the
example with geometrical parametrization. The error are shown in the solution u,y, (1) (left) and
the output sy (1) (right).

domly chosen combination p = (1.176,0.761,0.530) and N = 20, are compared, and the pointwise
difference between the two solutions is plotted, highlighting the overall accuracy.

In Tab. 6.2 the error bounds and effectivity metrics for the energy-norm estimates as well as for
the estimates for the output functional with respect to the number of basis functions employed are
shown. The values have been averaged over a validation set P} consisting of 3’000 sample points,
i.e., using (4.23) for the energy-norm effectivities, and

1
Ms,av = 1w Z ns (1)
L$4

HEPY,
where

1
effg naxy = max % and effg oy =

S(.U)
D 55 00) — seo ) . (616)

W
B 2z, 500 - 20
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Fig. 6.7: The first four basis functions, representing the most important modes of the solution
manifold, illustrated on the original domain £2,(u).
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Fig. 6.8: Comparison between the truth solution (a) and the reduced basis approximation (b) for
= (1.176,0.761,0.530). The pointwise difference between the two solutions is reported in (c).
6.2.2 Illustrative Example 5: a 3D geometric parametrization for a Thermal Fin

This problem addresses the performance of a heat sink for cooling electronic components. The heat
sink is modelled as a spreader (2!, see Fig. 6.9(a), depicted in blue, which supports a plate fin £22(u)
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Fig. 6.9: The subdomain division (a), the finite element mesh used for the truth solver (b) and
the maximum error over PP, of the greedy-algorithm with respect to the number of basis functions
employed (c) for the thermal fin problem with a geometric parametrization.

exposed to flowing air, depicted in red, Fig. 6.9(b). The heat transfer from the fin to the air is taken
into account with the Biot number, which is the first parameter p,;. The second parameter is the
relative length of the fin with respect to the spreader, and is labeled as (5. The third parameter ji
is the ratio between the thermal conductivity of the spreader and the fin. The parameters ranges
are

g €[0.1,1.0], g €[0.5,10.0],  pu € [1.0,10.0].

A uniform heat flux is applied at the base of the spreader, denoted here by I},ottom, and Robin
boundary conditions are imposed on the vertical faces of the fin, denoted here by Isiqe. Homogeneous
Neumann conditions are imposed at all other surfaces. The bilinear and linear forms of this problem
are given as

ao(w,y;u) :/,1/[3]/ VwVv—l—/ VUJ'VU‘i',U/[l]/ wu,
a1 22(u) r

£o(v) =/Fb 2,

ottom

and the output of interest s,(u) is computed as

So(p) = fo(u(p)), (6.17)

i.e., it is a compliant output. The finite element method, employing first order elements, is used
as the truth model. In Fig. 6.9(b) the mesh of the reference domain is reported, featuring 22’979
elements.

The basis functions have been obtained by orthogonalization, through a Gram-Schimdt pro-
cedure, of snapshots computed by a greedy approach to select parameters P, with cardinality of
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Fig. 6.10: First four basis functions for the thermal fin problem with a geometric parametrization.
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Fig. 6.11: Comparison between the truth approximation (a) and the reduced basis approximation
(b) for p = (1.176,0.761,0.530). The difference between the two solutions is reported in (c).

3’000. In Fig. 6.9(c) the graph showing the maximum error with respect to the number of basis
functions employed is reported.

In Fig. 6.10, the first four snapshots, corresponding to us(u1), ... ,us(pa), are depicted and
in Fig. 6.11, the outcomes provided by the truth model and the reduced method, for a randomly
chosen p = (6.94,1.36,2.53) and N = 20, are compared. The pointwise difference between the two
approximations is plotted as well, illustrating the excellent error behavior.

6.3 Non-compliant output

For the sake of simplicity, we addressed in Chapter 3 the reduced basis approximation of affinely
parametrized coercive problems in the compliant case. Let us now consider the more general non-
compliant elliptic truth problem: given p € P, find

ss(p) = L(us(p); ),

where us(p) € Vs satisfies
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a(us(p), ve; ) = f(vs;p), Vs €Vs.

We assume that a(-, -;u) is coercive, continuous, and affine, but not necessarily symmetric. We
further assume that both ¢ and f are bounded functionals but we no longer require that ¢ = f.

Following the methodology outlined in Chapter 4, we can readily develop an a posteriori error
bound for sy, (¢). By standard arguments [144, 122]

ls5 (1) = seo ()] < 15 1)l vy Them (1)

where [Jus(p) — ()]l < Nen(pt) and nen(p) is given by (4.6a). We denote this approach, i.e.,
ns(1) = |10+ ) |[(v) Mea(pt), as primal-only. Although primal-only is perhaps the best approach in
the case of many outputs in which each additional output, and the associated error bound, is an
add-on, this approach has two drawbacks:

(i) we loose the quadratic convergence effect (see Proposition 4.1) for outputs, unless ¢ = f and
a( -, -;p) is symmetric, since the accuracy of the output is no longer the square of the accuracy
of the field variable.

(ii) the effectivities ns(u)/|ss(t) — Srp(p)| may be unbounded. If £ = f we know from Proposition

4.1 that [ss(n) — seo(p)] ~ [7s()|[5 and hence 1 (1) /[s5(1) — sev(1)| ~ 1/[[75(n)llv — o0 as
N — oo. Thus, the effectivity of the output error bound (4.6b) tends to infinity as (N — oo
and) ups (1) = us(p). We may expect similar behavior for any ¢ close to f. The problem is that
(4.6b) does not reflect the contribution of the test space to the convergence of the output.

The introduction of reduced basis primal-dual approximations takes care of these issues and ensures
a stable limit as N — co. We introduce the dual problem associated with the functional ¢(-; u) as
follows: find the adjoint or dual field ¢(u) € V such that

a(v,Y(p);p) = —L(v;p), YVveV.

Let us define the reduced basis spaces for the primal and the dual problem, respectively, as
Vpr = span{u(py,), 1 <n < Nyt
Vau = span{t (), 1 < n < Nao}.

For our purpose, a single discrete truth space Vs suffices for both the primal and dual, although
in many cases, the truth primal and dual spaces may be different. For a given p € P, the resulting
reduced basis approximations .y (1) € Vpr and (1) € Vgy solve

a(ten (1), vev; 1) = f(vrps 1), Vory € Vir,
a(Vrp, Yro(p); 1) = —L(vevi 1), VUrp € Vau.
Then, the reduced basis output can be evaluated as [124]
e (1) = £(urp; 1) — Tpr (Vros 1),
where 7pp (-5 1), Tau (s 1) € (Vs)', are defined by
ror(vss 1) = f(vs; ) — aluzw, vs; ), vs € Vs,

Tau(vs; ) = —L(vs; i) — a(vs, Yro; 1), vs € Vs,
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Fig. 6.12: The geometric set-up for the non-compliant and geometrically parametrized Graetz prob-
lem.

are the primal and the dual residuals. In the non-compliant case using a primal-dual strategy, the
output error bound takes the form

el real -5l vy
)= TR (o)

We thus recover the quadratic convergence of the output effect. Note that the offline-online proce-
dure is very similar to the primal-only case, but now everything must be done for both the primal
and the dual problem. Moreover, we need to evaluate both a primal and a dual residual for the
a posteriori error bounds. Error bounds related to the gradient of computed quantities, such as
velocity and pressure in potential flow problems, have been addressed in [141]. For parabolic prob-
lems, the treatment of non-compliant outputs follows the same strategy; we only note that the dual
problem in this case must evolve backward in time [52].

6.3.1 Illustrative Example 6: a 2D Graetz problem with non-compliant output

This example, known as the two-dimensional Graetz problem, aims to illustrate the computational
details of a problem with a non-compliant output of interest. In particular, we consider forced
heat convection in a geometrically parametrized channel divided into two parts such that 2,(u) =
LU 22(u) as illustrated in Figure 6.12. Within the first part £2} (in blue) the temperature of the
flow at the wall is kept constant and the flow has a prescribed convective field. The length along
the axis o of the subdomain 22(u), relative to the length of the subdomain (2!, is given by the
parameter fi;,. The heat transfer between the domains can be taken into account by means of the
Péclet number, measuring the ratio between the convective and the conduction heat transfer, which

will be labeled as the parameter p,. The ranges of the two parameters are
p € [0.1,10], fiz) € [0.01,10],

so that P = [0.1,10] x [0.01, 10].

This problem represents an example of a non-symmetric operator, associated with a primal-
dual formulation for the non-compliant output, as well as a geometric parametrization treated by a
transformation to a reference domain. This is a simplified version of the larger problem, discussed
in detail in Section 6.5. We first need to reformulate the problem to obtain a Galerkin formulation,
based on an identical trial and test space. We introduce the two parameter-dependent spaces
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I'ioa = 1} )

I'oi2,456 — O} )

V(p) = {ve H' (2(p)) v
V(p) ={veH (2(n) :v

where we use the notation I3, 156 = o1 U o5 U I, and similarly for 15,24 and I 1,2.4,56. The

Ii56 — 0,v

original problem can be stated as follows: for any p = (ppu, f2)), find o (1) € V(1) such that

1
— Vio(p) - Vo + / x2(1 — 29)0p, o (1) v =0, Yo € V(p).
Hizy J 2, (p) 26 (1)

Further, set i € P such that fi;;) = 1 and define 2 = (2,(1), V = V(i), V=V(i). After a mapping
onto the reference domain {2, the problem can be reformulated on 2 as follows: find 4 () € V such
that

1 1
— Via(u) - Vo +
Mz J ot K gz

[ 00s0) 020+ s [ 0s00) 01
02 02
—|—/ 2o(l — 22)0p, u(p) v=0, YveV,
(9]

with 21 = Q1 0? = 22(1). Finally, using the (continuous) finite element interpolation Rs of the
lifting function R = 12 (the characteristics functions of 22), the discrete problem is written as:
find us(p) € Vs C V such that

a(us(p), vs; 1) = f(vs; p), Yus € Vs,

where

a(w,v; p) = / V- Vo + 22 Opw Op, v + /,L[Q]um/ O, w O, —|—/ z2(1 — 3) Oy, wo,
ot 02 0

Hpy J o2
f(vs ) = —a(Rs, v; ).

Finally, the non-compliant output of interest s(u) is given by

s5(1) = /F us()

0,3

In Fig. 6.13 we first illustrate the exponential convergence of the successive constraint method
(SCM) with respect to the number of eigenvalues for this more complicated problem. As expected,
one observes a rapidly converging model. We also show the convergence of both the primal and
the dual reduced basis approximation with increasing number of basis elements. Again we ob-
serve exponential convergence to the truth approximation. In Fig. 6.14 we illustrate the reduced
basis approximation for different values of the Péclet number for this two-dimensional Graetz prob-
lem, illustrating the substantial dynamic variation of the solution. Finally, we show in Table 6.3
the effectivities of the error estimator for both the solution and the output of interest. We ob-
serve in particular the quadratic convergence of the error estimate of the output as expected from
the primal-dual approach. Reduced basis approximation of convection-conduction and diffusion-
transport(advection)-reaction problems is still an open research field, above all concerning stabi-
lization techniques required also in the online part of the problem, taking into account parametrized
propagating fronts and boundary layers at higher Péclet numbers [118, 120, 32, 119] and in per-
spective higher Reynolds numbers for viscous flows.
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Fig. 6.13: Convergence of the SCM-algorithm with respect to the number of eigenvalue problems to
be solved (left) and convergence of the maximum absolute error bound with respect to the number
of selected basis functions for the primal and the dual reduced basis (right) for the non-compliant
numerical example.
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Fig. 6.14: Three representative solutions for a fixed geometry (u;,; = 2) and different Péclet numbers
tiz = 0.1,1,10 (from top to bottom) for the 2D Graetz problem.

6.4 Non-coercive problems

Let us now discuss wider classes of problems to treat with the reduced basis method, including
non-coercive problems, such as Helmholtz, Maxwell’s equations, saddle-point problems like Stokes
problem.

The reduced basis framework can be effectively applied to problems involving operators which
do not satisfy the coercivity assumption [156]. Examples include the (Navier)-Stokes problem, where
stability is fulfilled in the general sense of the inf-sup condition [131]. For the sake of simplicity,
we restrict our disucssion to the elliptic scalar case (2.1)—(2.2) and assume that the (parametrized)
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N Ten,av effen,max effen,av N Ts,av effs,max effs,av
5 1.41e-1 13.31 3.37 5 1.89e-2 12.01 4.32
10 7.90e-2 8.52 3.24 10 6.20e-3 18.73 6.78
15 7.76e-3 10.47 2.97 15 5.74e-5 27.26 9.67
20 1.86e-3 13.01 3.60 20 3.46e-6 48.15 15.43

Table 6.3: Error bounds and output error bounds with effectivity metrics as function of N for the
non-compliant example for the error in the solution wuy, () (left) and the output sy (p) (right).

bilinear form a(-, -;p) : Vx W — R is continuous and satisfies the inf-sup condition

ap v win)
veV\{0} wew\ {o} [Vlv][w]lw

36>0 ¢ Bln) = >8 VueP.

We refer to the Appendix for a brief overview view on the numerical analysis of this class of problems
in a unparametrized setting. The discrete, and thus the subsequent reduced basis, approximation
is based on a more general Petrov-Galerkin approach. Given two truth spaces Vs C V, W5 C W,
the truth approximation us(u) € Vs satisfies

G(US(N)»'W&»N) = f(w5a/14)a va €W57
and the output can be evaluated as!
ss (1) = L(us(p); ).
To have a stable truth approximation, we require that there exists 55 > 0 such that

. avs, ws; i)
inf sup —
vs€V5\{0} wyews\ {0} [[Vs|lv]lws|lw

Bs(p) = >Bs  VpeP. (6.18)

The reduced basis approximation inherits the same Petrov-Galerkin structure: Given some u € P,
find u (1) € Vi, such that

a(urb(ﬂ)7 Wrb, ,U/> = f(wrb; M)a v’wrb € nga

and evaluate
sro(1) = C(urw (p); 1),

where the test and trial spaces are taken to be of the form
Vi = span{us(pn) | 1 <n < N}, W, = span{A§us () |1 < n < N},

for a common set of parameter points {y1,, }2_;. The so-called inner supremizer operator A 1 Vs —
W is defined by

(Afvs, ws)w = a(vs, ws; 1), Vs € Vs, Vws € W,

! We consider here a primal approximation. However, we can readily extend the approach to a primal-dual
formulation as described for coercive problems in Sect. 6.3. See also [28].
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which can be shown to realize the supremum:

a(vs, ws; ) . a(vs, A§vs; )

inf sup —— = T
vs€Vs\{0} wyews\ {0} Vsllvilwsllw  vsevs\{o} [lvs]lv]|AFvs|lw

Applying the inner supremizer and the Cauchy-Schwarz inequality implies

qp  Mnwsn) o (A5vs, ws)w
wsews\{0} 1Usllvlwsllw  wsews\foy [lvsllvlws|lw
< swp A5 vsllwllwsllw _— lIA5vsllfy  _ a(vs, Afvs; n)
— )
wsews\{oy vslvllwsllw — lvsllvIiAsvsllw — [[vsllv]A5vslw
for all Vvs € Vi such that
a(vs, Avs:
65 S ( i) a:u) 6&

in — 0 <
vs€Vs\{0} ||U6||VHAI§U<§||W
The particular ansatz of the test and trial spaces ensures stability of the reduced basis approximation
as seen by the following development
a(Vep, Wrps ) . a(Vrp, A Urp)w . a(vs, A§vs)w

= inf ——— o > inf = ——— = Bs,

in sup m T
v €Veo\ {0} o ewr\ {0} [Vrbl[vlwenllw vV \{0} [[Uen [V A5 venllw — vseVs\{o} [[vs|lv|AFvs|lw

where we used again that A{vy, is the supremizer but this time of the supremum over W \{0}
rather than W;s\{0}. The arguments are identical can be done for any supremum. Therefore, this
ultimately guarantees that the reduced basis inf-sup constant

in qup M Wmit) o p) (6.19)
v €Veo\ {0} e\ {0} [[ Ve[V [|wrs [lw

ks

6rb(:u’) =

is bounded from below by the truth inf-sup constant §s, for any p € P and it holds

Justo) ~ welily < (14 TEL) it us(o) = sl
which is the analogue of (3.7) for non-coercive problems. Observe that the approximation is provided
by Vi and stability (through B.) by WE.

The offline-online computational strategies, as well as the a posteriori error estimation, are based
on the same arguments as in Chapter 4 for the coercive case. We note that the inner supremizer
operator can be written in the affine form under the affinity assumption (3.11) on a(-, -;u). In
particular, from (6.19), we can obtain that

75 (1)l w
Bre(p) ’

where Bip(p) is a lower bound of inf-sup constant 85(u) defined in (6.18) and can be computed by
means of the successive constrain method (SCM) procedure used for the lower bound of coercivity
constants [61, 145].

An interesting case of noncoercive problems is given by Stokes problems where approximation
stability is guaranteed by the fullfillment of an equivalent inf-sup stability condition on the pressure
term with reduced basis approximation spaces properly enriched [149, 140]. Error bounds can be
developed in the general noncoercive framework [145, 48] or within a penalty setting [47].
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2

Fig. 6.15: Subdomain division (left) and the finite element mesh (right) for the three-dimensional
Graetz convective problem.

6.5 Illustrative Example 7: a 3D parametrized Graetz channel

In this final numerical example, we return to a classic problem, dealing with forced steady heat
convection combined with heat conduction in a duct with walls at different temperature and of
different lengths. The first segment of the duct has cold walls, while the second segment has hot
walls. The flow has an imposed temperature at the inlet and a known convection field, i.e., a given
parabolic Poiseuille-type velocity profile. From an engineering point of view, this example illustrates
the application of convection and conduction analysis to an important class of heat transfer problems
in fluidic devices. From a physical point of view, the problem illustrates many aspects of steady
convection-diffusion phenomena such as heat transfer into a channel, forced convection with an
imposed velocity profile and heat conduction through walls and insulation [5]. The Péclet number,
providing a measure of relative axial transport velocity field, and the length of the hot portion of
the duct are only some of the interesting parameters used to extract average temperatures.

The forced heat convection flows into a channel that is divided into two parts, illustrated in
Fig. 6.15 (left), such that 2,(u) = 2! U 22(n). Within the first part 2! (in blue) the temperature
is kept constant and the flow has a given convective field. The length of the axis z of £22(u), relative
to the length of £2}, is given by the geometrical parameter p;,. To maintain a common notation as
in Section 6.2 we denote the domains £2,(¢) and £22(u) despite the fact that the only geometrical
parameter is y,;. The heat transfer between the domains can be taken into account by means of the
Péclet number, labeled as the physical parameter ji,;. A constant heat flux is imposed on the walls
of the right domain 22(y), which is the third parameter p ;. The ranges of the three parameters
are the following:

o= (ﬂ[l],ﬂ[g],ﬂ[;g]) eP= [10, 100] X [01, 1000] X [*10, 10]

At the inlet of 2! and on its walls, homogeneous boundary conditions are imposed. At the interface
between 2! and 22(p), the continuity of the temperature and the heat flux are imposed. At the
outlet of 22(u1), denoted by I's putlet (1), @ homogeneous Neumann boundary condition is imposed.
On the lateral walls of £22(u), denoted by I gde(p), the heat flux is imposed trough a Neumann
boundary condition given by the parameter fi;. The non-symmetric bilinear and linear forms of
the problem are given by:
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Fig. 6.16: Maximum (over ;) error for the primal and dual problem (left) and the average (over
Pp,) error and estimator for the field variable and output functional (right) with respect to the
number of basis functions employed for the thtee-dimensional Graetz channel.

1
ao(ww;ﬂ):*/ Vw-Vv—i—/ 10 (w2(1 — 22) + 23(1 — 23)) O, w v,
Fiz J 24 () 26(p)

fO(v) = /~L[3]/ v.
Iy side (1)

The output of interest s,(u) is

seli) = | o1,
Iy outlet (1)

It is worth mentioning that the aforementioned output is non-compliant and the state equation
is a non-symmetric operator. The finite element method, employing first order elements, is used
as the truth model. In Fig. 6.15(right) the mesh of the reference domain is reported, and features
51’498 elements. The basis functions have been obtained by orthogonalization, through a Gram-
Schimdt procedure, of snapshots selected by a greedy approach across P, with cardinality 10’000.
In Fig. 6.16 (left) the graph shows the maximum error (over Pj) with respect to the number of basis
functions employed and Fig. 6.16 (right) depicts the average (over Pj,) error and estimator for the
field variable and the output functional with respect to the number of basis functions employed.
One can clearly observe the quadratic convergence of the output functional due to the primal-dual
reduced basis approximation.

In Fig. 6.17, the outcomes provided by the RBM, for two different values of the Péclet number g,
are reported. In particular, p = (2.0,0.1,1.0) and p = (2.0,100.0, 1.0) have been considered. These
two cases show the very different physics induced by the Péclet number: a conduction phenomenon
without a thermal boundary layer and a well developed thermal boundary layer when the convective
field is dominating, respectively.

In the following, the representative solutions provided by the truth (finite element) model and
the RBM for three different values of the Péclet number i, are reported in Figure (6.18)—(6.20).
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Fig. 6.17: Temperature field, provided by the reduced basis solution when (left) x = (2.0,0.1,1.0),
without a thermal boundary layer and (right) p = (2.0, 100.0, 1.0), showing a well developed thermal
boundary layer.

N Tlen,av effen,max effen,av N Ts,av effs,max effs,av
5 0.98 21.54 3.51 5 0.96 18.45 5.78
10 0.10 26.05 5.69 10 0.012 24.82 7.26
15 0.013 20.78 7.29 15 0.0017 19.64 9.22
20 4.0e-3 35.33 8.27 20 0.16e-5 26.86 11.38

Table 6.4: Error bounds and output error bounds with effectivity metrics as function of N for the
three-dimensional Graetz problem for the error in the solution u,(p) (left) and the output spp (1)
(right).

In particular, 4 = (2.0,0.1,1.0), o = (2.0,35.0,1.0) and p = (2.0, 100.0, 1.0) have been chosen. The
pointwise error is reported too.

In Tab. 6.4 the output error bounds and solution error bounds, respectively, as well as effectivity
metrics as function of basis functions employed are presented. The values have been averaged over
2’000 samples and we observe again the expected quadratic convergence of the output and very
reasonable values of the effectivities.
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Fig. 6.18: Comparison between the truth model (a), the reduced basis approximation (b) for u =
(2.0,0.1,1.0). The pointwise error between the two solutions is reported in (c).
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Fig. 6.19: Comparison between the truth model (a), the reduced basis approximation (b) for u =
(2.0, 35.0,1.0). The pointwise error between the two solutions is reported in (c).
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Fig. 6.20: Comparison between the truth model (a), the reduced basis approximation (b) for u =
(2.0,100.0, 1.0). The pointwise error between the two solutions is reported in (c).



A

Mathematical Preliminaries

A.1 Banach and Hilbert spaces

Basic definitions

Let us start with a couple of definitions: Let V be a vector space on R (all the following definitions
and results can also be extended to the field of complex numbers C).

e For a set {wy, ... ,wy} CV of elements of V we denote by
N
span{wy, ... ,wy} = {v eViv= Zanwn, o, € R}
n=1
the linear subspace spanned by the elements w1y, ... ,wy.

The space V is of finite dimension if there exists a maximal set of linearly independent elements

v1, ... ,UnN, otherwise V is of infinite dimension.
e A norm || - ||v on V is an application || - ||y : V — R such that
(i) ||lvlly >0, YveV and lvllv =0 if and only if v = 0;
(ii) Jowlly = lof [ollv, Vo €R,veV;
(i) u+olly < Jully + oy, Va0 € V.
e The pair (V, | - |lv) is a normed space and we can define a distance function d(u,v) = ||u — vy

to measure the distance between two elements u,v € V.

o A semi-norm on V is an application | - |y : V — R such that |v|y > 0 for all v € V and (i) and
(#ii) above are satisfied. In consequence, a semi-norm is a norm if and only if |v|y = 0 implies
v=0.

Two norms || - |1 and || - ||2 are equivalent if there exists two constants C1,C2 > 0 such that

Col - <l -lle<Call - lh,  VoeV (A1)
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Linear forms

Let (V,|| - |lv) be a normed space. Then, we define the following notions.

e An application F' : V — R is said to be linear, a functional or a linear form if

Flu+v)=F(u)+ F(v), VYu,veV,
F(au) = aF(u), Vo € RyueV.

o [ is bounded if there exists a constant C' > 0 such that
|F(v)| < Cvllv, Vv € V.
e Fis continuous if for all € > 0 there exists a d, > 0 such that
lu —vl|lv < b = |F(u) — F(v)| < e.

As a consequence of these definitions, one can show that the notion of continuity and boundedness
is equivalent for linear forms.

e The dual space of the normed space (V, || - |v) denoted by (V',|| - ||v/) is defined by
V' = {F V=R | F' is linear and continuous},

endowed with the norm

F
1Flw = sup WL ypey,
vEV,v#£0 HUHV

Bilinear forms
e A bilinear form a(-, -) acting on the vector spaces V and W is given as

a:VxW—=R,
(u,v) = a(u,v),

and is linear with respect to each of its arguments.

e Let V and W be endowed with the norms || - ||y and || - ||w. A bilinear form a( -, -) is continuous
if there exists a constant v > 0 such that

la(u, v)] <vllullv |vllw,  VYu,veV.
o If V=W, a bilinear form a is coercive if there exists a constant a > 0 such that

a(v,v) > aljv|j2, Yv e V.
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Banach and Hilbert spaces

We first introduce the notation of a Banach space.

e Let {v, bnen by a sequence in a normed space (V, || - ||v). This sequence is a Cauchy sequence if

lim |v, — vy = 0.

n,m—oo
e A normed space (V,|| - |lv) is a Banach space if any Cauchy sequence in V converges to an
element in V (where the convergence is measured with respect to the norm || - ||v).

Hilbert spaces are particular Banach spaces. Let us begin with the following definitions.
e A inner product in a vector space V is an application (-, - )y : Vx V — R with the properties:
(i) (u,v)y >0, YveV and (u,u)y =0 if and only if u = 0;
(i) (u,v)y = (v,u)y, Yu,v € V;
(i17) (au+ Bv,w)y = a(u,w)y + (v, w)y, Vo, 8 € R,u,v,w e V.

We therefor recognize that a inner product on (V,|| - ||y) is a continuous and coercive bilinear
form.

The Cauchy-Schwarz inequality

|(u, v)y| < v/ (u,u)y v/ (v,0)y, Yu,v €V,

is a simple consequence of the definition of the inner product. Let V be a vector space endowed
with an inner product. Then, define

ollv = v/(v,v)v, Yv eV,

and as an immediate consequence of the Cauchy-Schwarz inequality, there holds
[(w, v)v| < llullv llvllv,  Vu,veV.
In addition, (V, || - ||v) is a normed space, since (relying on the definition of the inner product)
(i) llvllv = /(v,v)y 20, YoeV  and [olv=0 < (vv)y=0 & v=0;
(i) |lav|ly = /(av, av)y = \/a2(v,v)y = |a|\/(v,v)v, Va e Ryv €V;

(#ii) As a consequence of the Cauchy-Schwarz inequality we obtain

lu+v]F = (u+v,u+v)y = (u,u)y + (v,0)y +2(u, v)v
< (w,wy + (,0)y + 2v/(u, )y V(0,0)v = (Jullv + [ollv)*,  Vu,veV,
so that ||u + v|lv < ||ully + ||v||v for all u,v € V.
e A Hilbert space is a Banach space whose norm is induced by an inner product.

Let us now recall some elementary results from functional analysis.
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Theorem A.1 (Riesz representation). Let V be a Hilbert space. For any F € V', there exists
an element v € V such that
(Ua w)V = F(w)7 Vw eV,

and
[E v = [lv]lv.

Theorem A.2 (Hilbert Projection Theorem). Let V be a Hilbert space and M C 'V a closed
subspace of V. Then, for any v € V, there exists a unique Pyyv € M such that

Pyv —vlly = inf [|w— lly.
| Prrv — vy u}nglw vy

In addition, the infimum is characterized by Py € M such that (v — Pyv,w)y = 0 for any w € M
(thus v — Pyv € MJ-) and Pyv = for all v € M. The operator Py : V — M is linear and called
the orthogonal projection onto M.

A.2 Lax-Milgram and Banach-Necas-Babuska theorem
Many problems in science and engineering can be formulated as: find v € V such that
a(u,v) = F(v), Yo eV, (A.2)

where V is a Hilbert space, a : V X V — R a bilinear form and F € V' a linear form. Then, the
following theorem provides conditions to ensure a solution to such a problem exists, is unique and
stable with respect to the data.

Theorem A.3 (Lax-Milgram Theorem). Let V be a Hilbert space, a : VXV — R a continuous
and coercive bilinear form and F € V' a continuous linear form. Then, problem (A.2) admits a
unique solution u € V. Further, there holds that

1
Jully < 1 Flhw,

where a > 0 is the coercivity constant of a(-, ).

A second class of problems can be defined as: find u € V such that
a(u,v) = F(v), Yv e W, (A.3)

where V and W are Hilbert spaces, a : V x W — R is a bilinear form and F' € W’ a linear form.
Then, the following theorem provides conditions so that a solution to such a problem exists, is
unique and stable with respect to the data. Note that we assume here that V and W are Hilbert
spaces, which is not necessary as V can be taken as a Banach space and W a reflexive Banach space.

Theorem A.4 (Banach-Necas-Babuska Theorem). Let V and W be Hilbert spaces. Let a :
V x W — R be bilinear and continuous and f € W'. Then, (A.3) admits a unique solution if and

only if
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(i) there exists a constant > 0 such that for all v € V there holds

a(v,w)

B ||UHV S sup )
wew\{0} llwllw

(i) for all w € W,

{a(v,w) =0, YveV} implies that w = 0.
Condition (A.4) is referred to as inf-sup condition as it is equivalent to the following statement:
a(v,w)

B < inf sup -
veV\{0} wew\ {0} [[v[lvlw|lw

A.3 Sobolev spaces
Let §2 be an open subset of R and k a positive integer. Let L?(§2) denote the space of square
integrable functions on {2.
e The Sobolev space of order k on {2 is defined by
HY2) = {f € L*(2) | D*f € L*(%2), |a| < K},
where D% is the partial derivative
Do _ olel
QxGt -+ Oz’

in the sense of distributions for the multi-index o = (ay, ... ,aq) € N using the notation
o =a1 4+ ... + aq.

It holds by construction that H¥T1(2) c H*(£2) and that H°(2) = L%(£2). H*(2) is a Hilbert
space with the inner product

(fs9Dmr) = (D f)(D%g),
e aeNdzJ:a<k/Q

and the induced norm

1l = Vs Dy = | S /Q D f .

a€eN? |a|<k
We also can endow H¥(2) by a semi-norm given by

= 3 /Q D 2.

a€Nd |a|=k

Finally, the following (simplified) theorem provides more intuitive information on the regularity of
such spaces.

Theorem A.5 (Sobolev embedding Theorem). Let £2 be an open subset of R:. Then,
H*(02) c c™(12),
for any k >m+%,
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A.4 Galerkin Approximation and Cea’s lemma

One way to find an approximation to the solution of (A.2) (resp. (A.3) with some modifications)
is to introduce a finite dimensional subspace Vs C V and consider the solution of the following
problem: find us € Vs such that

a(us,vs) = F(vs), Vus € V. (A.5)

We denote the dimension of the discrete space Vs by Ns = dim(Vs). Given any basis function
{p1, ... ,on, } of Vs, we can represent the approximation us € Vs by the vector us € R™s through

the relation
Ns

us =Y _(s)i ;.

i=1
Then, we can write (A.5) as: find us € RYs such that

Ny

Z(ué)i a(ps,vs) = F(vs), Yus € V.
i=1

By linearity of a( -, -) in the second variable, we observe that testing the equation for any vs € Vs
is equivalent to testing for all basis functions only, i.e., find find us € R™s such that

Ns

> (us)ialpip;) =F(p;),  Vi=1,...,Ns.
=1

We now recognize that this is a system of Ny linear algebraic relations that can be written in matrix
form as
Asus =15,

where (Ajs);; = a(p;, @) and (f5); = f(p;) for all ¢, =1, ..., Ns.
We can now start to think about quantifying the quality of the approximation us of u. For this,
we introduce a sequence of finite dimensional approximation spaces {Vs}s=0 such that

e VsCV, V>0,
o dim(Vs) < oo, V4 >0,
o lims_,ginf, cv; ||[v — vsl]ly =0, VveV.

Note that in the spirit of reduced basis methods, the approximation space Vs is supposed to be
sufficiently rich to have an acceptable error of the Galerkin approximation |lus — u|lv. The consid-
erations of numerical analysis that are outlined within this appendix are slightly different as here
one is interested in proving that lims_,o us = v and quantify convergence rates with respect to the
discretization parameter §.

We endow the discrete space with the (inherited) norm || - ||y and observe that the Lax-Milgram
Theorem also applies to (A.5) as Vs C V. We have a guarantee of existence and uniqueness of the
approximation ugs as well as the stability result

1
lusllv < =[[F[lv.
(0%
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As a consequence, the ||us|ly is uniformly bounded with respect to ¢ and stable with respect to
perturbations in the data F'. Indeed, let 45 € Vs be the solution to the perturbed system

a(ﬂg,v(;) = F(v(;), Yvs € Vs.

Then it holds that .
a(w — 17,5,’05) = F(’U(;) — F(”U(;), Yvs € V(;,

and the stability result implies
N 1 -
lus = dsllv < | F = Fllv.

This means that any perturbation of the data results in a controllable error in the approximation.
Finally, we recall the following result.

Lemma A.6 (Cea’s Lemma). Let V be a Hilbert space, a : VxV — R a continuous and coercive
bilinear form and F € V' a continuous linear form. Let further Vs be a conforming approzimation
space Vs C V. Then, it holds that

v .
— < L f —
Ju —uslly < . lu — vsllv,

where 7y, a denote the continuity and coercivity constants respectively.

Corollary A.7. As we assumed that lims_,o inf,cy, ||[v — vs|lv = 0, for all v € V we immediately
conclude that

lim us = u.
6—0

Cea’s Lemma is actually not difficult to prove. Recall indeed that

a(u,v) = F(v), Yv eV,
a(u(;,v(;) = F(Ug), VU(; S Vg,

so that
a(u —ugs,vs) =0, Yus € Vs,

which is known as Galerkin orthogonality. Note that the conditions on the bilinear form a(-, -),
i.e., coercivity, symmetry and bilinearity, imply that it is a inner product on V. Therefore, us is the
othogonal projector, see Theorem A.2; of u onto Vs using the inner product a( -, -) and its induced
norm which, however, differs from || - ||y in the general case. Cea’s lemma quantifies the relation
between the best approximation for the norm || - ||y and the one induced by a(-, -) through the
norm equivalence, see (A.1), established by the coercivity and continuity constants « and +.

Due to the coercivity, the Galerkin orthogonality and the continuity we can develop

allu —us||F < alu —us,u — ugs) = a(u — us,u —vs) + alu — us, vs — ugs)
€Vs

= a(u —us,u —v5) <A|u—us|lvllu = vsllv,

which yields Cea’s lemma by taking the infimum over all vs € V5.
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The approximation to problem of the second class (A.3) is similar with the difference that we
also need to define a basis for a discrete test space Ws C W. We then define the approximation by
seeking us € Vs such that

a(us, ws) = F(ws), Yws € Ws. (A.6)

If the dimensions of the trial and test spaces Vs and Wy are equal, then this also results in a square
linear system. Solvability and stability is in this case not inherited from the continuous formulation
in contrast to coercive problems. However, the Banach-Necas-Babuska Theorem can be applied to
the discrete formulation so that the two conditions

(i) there exists a constant 85 > 0 such that for all vs € Vs it holds

Bsllvslw < sup Ao we).
wsews\{o} Ilwsllw

(i) for all ws € Wy,
{a(vg,wg) =0, VYuvse V(;} implies that ws = 0;
imply existence of a unique solution. Again, the former condition is equivalent to

Bs< inf sp o)
v5€Vs\{0} wseWs\ {0} [[vs [lv[lws [|w

Assume that these conditions are satisfied, then for any vs € Vs it holds
[u—usllv < [lu—wvslv + llvs — us|lv-

Combining the discrete inf-sup stability, the Galerkin orthogonality and the continuity yields

a(vs — Us, Ws a(vs — u, ws
Bsllvs —usllv < sup a(vs — us, ws) _ sup a(vs — v, ws)
w5€W5\{O} ||w5||W ngW(;\{O} Hw5||W
Vs — Uj|v||Ws||w
<y sp At thulsl gy,

wseWs\{0} [|ws [lw
so that
Y .
U — U < (14— inf |lu—wvsl|v,
[ sllv < ( 55) Inf [ sllv

which is the analogue of Cea’s lemma for non-coercive but inf-sup stable approximations. Note that
optimally convergent approximations can thus be obtained if 85 > 8 > 0 as 6 — 0 for some S that
is independent of the discretization parameter d.
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