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ART = Algbraic Reconstruction Technique

Our motivation: solve linear systems of

equations | Ax = b| derived from dis-
cretization of an underlying tomogra-
phy problem, e.g., in medical imaging.

ART is a simple iterative method for solving Ax = b where each itera-
tion updates x via sweeps over the rows a; of the matrix A € R™*",

See the Appendix for ART history.

Among the many iterative solvers, ART has very fast initial convergence
— making 1t favorable when only few iterations can be afforded.
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ART = Kaczmarz’s Method for Solving Az =0 =

Kaczmarz (1937): repeatedly, orthogonally project x on the hyperplane
defined by a!’, the ith row of A, and the corresponding element b; of
the right-hand side.

This means that for K =0,1,... we carry out:
0
Xl&—izl = Xk;
: : b—a x¥
(i+1) _ _(0) i k41 .
k+1 _Xk+1 +w Ha”% a?,) 1 = ].,...,m,
(]
(m)

Xk+1 = X1

where w is a relaxation parameter
with 0 <w < 2.

Initial guess

Our starting vector xg = 0.
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ART Performance
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Test problem: tomo from Regularization Tools with 100 x 100 image.

ART is the winner after 10 iterations.
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A Bit of Linear Algebra

Decompose AA'" = L+ D+ ZT, where L is the strictly lower triangular
part and D is the diagonal part of AA'. One sweep of Kaczmarz’s
method can then be written as

AN

Xk_|_1=Xk—|-ATL_1(b—AXk), L=L+w'D.
Here L is nonsingular (we assume that A has no zero rows).

We can also write the iterative process as
Xpy1 =G xp+A" ' L7'b

with iteration matrix

G=I-A"L'A.
Note that G depends on w through L.
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Towards Convergence Studies

Kaczmarz’s method is a fixed-point method, and it converges for consis-
tent linear systems and 0 < w < 2. This is equivalent to p(G) < 1.

We denote the fixed point by x, and it is given by
Xoo = (ATL7PA)TATL D .

Although the iterations — and the speed of convergence — depend on w,
the fixed point X, is independent of w. Elfving and Nikazad remind us:

“there is no underlying function which is minimized.”

We can rewrite the iteration in the form
Xpt1 —Xoo = (I — ATL71A) (x1, — Xo0) = G (X5 — Xo0) -
In terms of the error vector fi, = X — X~ this means

foo1=T—-A"L7tA) f, = Gf, .
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Asymptotic Convergence
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The asymptotic convergence of Kaczmarz’s method is very slow!

If A€ R™ ™ then we have (Brezinski, Redivo—Zaglia 2013)

! %01 — Xoo2
ncond(AAT") ol Reollz

I~ el < (1-

This result was derived earlier for randomized Kaczmarz, where the
rows are chosen randomly (Strohmer, Vershynin 2009).
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The Role of the Eigenvalues

Recall that the error vector fi = X, — X satisfies |11 = G fi |.

—
—
=

i

Hence, we need to scrutinize the eigenvalues of the iteration matrix
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G=WAW™, A = diag()\;) .

Typical distribution of eigenvalues of G for
an X-ray CT problem.

Often p(G) is extremely close to 1 (and = 1
in finite precision).

Here, p(G) = 0.9999998937.
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For )\; close to 1, the corresponding modes (eigenvector components) of fy

are damped very little in each iterations.

This explains the asymptotic “plateau”

o/ L)

=

hl) 15 20 25

| for the iteration error.

For \; =~ 0, the corresponding eigenvector components of f; vanish fast.
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A Zero Eigenvalue of G

We now consider the important case of w = 1, which is often default.

Then G =1 — A" L' A always has a zero eigenvalue with corresponding
eigenvector a; = A'e; (the transpose of the first row of A).

Proof. Recall AA" = L + LT with L lower triangular and LT strictly
upper triangular. Hence,

Aa; = AA e,

and
Gaij=(I—-A"L'A)ATe;=ATe; —ATe;1 =0

A zero eigenvalue of G means that the corresponding mode con- |%%
0.35}

verges after one iteration. Hence, if x,, has a large component in |«
. o . . o 0.25}
the direction of a; then Kaczmarz makes rapid immediate progress.

0.2
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More Zero Eigenvalues of G

We still consider w = 1, and study when GG may have more zero eigenvalues.
This happens when A has structurally orthogonal rows with aiTaj = 0.

To see this, let e; denote the jth unit vector, and recall that L is the lower
traingular part of A A". Then

Aa;=AA'e;=Le; + Z (aZ-Taj) e; .
1<J
Specifically, for j = 2 we have

Aa, =AA"ey; = Ley + (alTag) e, .
When a{ a, = 0 we have Aa, = L e, and thus

Gas=A'es — AL "AA e =ATes —Aley =0 .

Similarly, ag is an eigenvector with A3 = 0 when alTag = a2T asz = 0.

An so forth ...
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Example from X-Ray CT

HE

Test problem paralleltomo from AIR TooLs II: 32 x 32 image, 32 projec-
tion angles, 32 X-rays per angle; A is 1024 x 1024 and has full rank.

The corresponding matrix G has several (numerically) zero eigenvalues.

A with default row ordering

10°°

< 10710

10_15 >
0 20 40
()

A with random row ordering

10°°

ZE 10-10

=z %
222
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Nonzeros of leading
200 x 20 block of AAT

10

20
0 10 20

Nonzeros of leading
200 x 20 block of AAT

10 [+

20

The 32 top rows of A
are mutually structurally
orthogonal, and they
are null vectors of G.

Only rows 1 and 2 are
structurally orthogonal;
these are the only rows
of A that are null vectors
of G.
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Near-Zero Eigenvalues of G

When does G may have near-zero eigenvalues?

And when |a{ as| is nonzero but small, then ay is an approzimate eigen-
vector of GG corresponding to an eigenvalue close to 0. Here is why:

If L7'AA" is diagonalizable, the Bauer-Fike Theorem guarantees the
existence of an eigenvalue A of G with

Al < R(X) - Jaj az] - [[L7 e

where k(X) is the condition number of the eigenvector matrix X of
L71AAT.

Good row orderings may therefore have favorable effects, not only for

the asymptotic convergence (smaller p(G)), but also for the initial stage
(near-zero eigenvalues).
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Another Example: gravity from Reg. Tools =

10’ | | |
\ P | n=128
=
8 s =
o 10 3100,
=
-
3
x
| 10-1 0 10 20 '30 40 50
~ [
X
1072 ‘ ‘ ‘
0 50 100 150 200

k

The eigenvalues of G are sorted such that 0 = Ay < |Ag| < [Ag] < -+
and y; are the elements of y = W™1x ., (coefficients in the eigenvector
basis). We have fast initial convergence because X, is dominated by
the eigenvectors corresponding to the smallest eigenvalues.
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(Near) Zero Eigenvalues when o = 1

i

When w # 1 it is not guaranteed that there is a zero eigenvalue of G.

But the examples below show that we can have one or more zero eigen-
values for a wide range of w around 1.

gravity paralleltomo
ST — ]
107
10-10_
1071° ¢ | | | . /\ | N+1| ]
0 0.5 1 15 2 0 0.5 1 15 2
w w
n =128 Image is NxN; N = 32; n = 1024
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More Experiments with paralleltomo

Convergence histories for four different test images (phantoms).

The last three are random, and we show results for five different seeds.

Shepp-Logan grains
T T T T T T

[ | S Image is N x N.

N projection angles.
N detectors (rays).
N = 128.

In all cases, we
see a fast initial
convergence — as
expected.
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DTU
Eigenvector Components =

Abs. values of first 500 elements of y = W ~1x., (the coefficients in the
eigenvector basis). The two numbers are || Py X ||2 and [|(I — Py) Xoo||2,
where Py = orthogonal projector unto the 128-dim. null space of G.

Shepp-Logan 0.57426 0.81867 grains 0.83433 0.55127
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BONUS - Noise Propagation: Set the Stage
We consider white Gaussian noise in the right-hand side:
b=b+e, b=Ax%, e ~ N(0, o*I) ,

where X is the exact solution (the ground truth), b is the noise-free data,
e is the noise, and o is its element-wise standard deviation.

With Azé = (I — G*)A# we can write the kth iterate as
xk:Ak#b:ik+Ak#e where ik:Ak#l_);
we refer to X;, as the noise-free iterates. We then split™ the error:
X —X= XL —Xp + Xp—X.
N — N——
noise error 1it. error

Here, x;. — X is the iteration error. The other component x;, — X, = AZ% e
is the noise error, and it describes the propagated noise from the data.

* Such splittings go back to Aulick & Gallie (1983), and probably further back.
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Noise Propagation: Example

Kaczmarz

||xx — Z||2 — reconstruction error
--—-—-||Z — Z||o — iteration error

107 1A ell2

— noise error
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lxr — Z||2 — reconstruction error
- |Zr — Z||2 — iteration error
-------- |Afell. —mo

7/
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Illustration of the three errors for the gravity test problem, and with 25

realization of the noise.

The results for CGLS — whose behavior is analyzed in (Hansen 2025) —
show that the underlying behavior of semi-convergence is the same for

both methods.
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Noise Propagation: the Noise Error

Our aim is to study the statistics of ||xp — Xi||2 = HAk# el|s.

It is convenient to do this in the eigenvector basis:
X — X = Ak#e = (I -GMAFe=W (I - A" YW 1A%e .
If we introduce new variables
F=wlATe, €E=WlA%e
then we have

¢ =(I-6N¢.
Then it follows that

€1, = llT = G*yelly =D [ =X 1&l®

i=1
where &; are the elements of &; k only enters via the factor I — G*.

Cannot guarantee that ||A7,fe||2 or ||€¥ |2 increases monotonically with .
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Statistics of the Noise Error

i

Theorem. The expected value related to the noise error satisfies
E(|lAF el3) = o A7 [f = o® W (I - ) WL A% |

and

HARD TO HANDLE

n

E(le"13) =) L= AP E(&) -

1=1

This is where I am stuck, because these expressions are hard to handle.

Expected gravity, o = 0.05 gravity, o = 0.01

values.

1072}
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Checking Out

i

1. We pointed out the need for analysis of the initial convergence.
2. We give new insight about (near) zero eigenvalues of iteration matrix.

3. We explain the fast initial convergence when the solution is rich in
the modes correspoding to zero and small eigenvalues.

4. Often true in X-ray CT and other applications.

5. Need more analysis of the error propagation.

P. C. Hansen and M. E. Hochstenbach, On
spectral properties and fast initial conver-
gence of the Kaczmarz method, BIT Numer-
ical Mathematics (invited paper), 66 (2026),
paper 8, doi 10.1007/s10543-025-01098-1.
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Appendix: ART History
Kaczmarz (1937): cyclic sweeps:

T

X ¢ X + a; , 1=1,2,....m .

I 13

Gordon, Bender, Herman (1970): coined the term “ART” and introduced
a nonnegativity projection:

b, —alx
x%Pm(er — az-) , i=1,2,...,m.
a2
Herman, Lent, Lutz (1978): introduced relaxation parameters wy < 2:
bi — afirx )
X — X 4+ Wi a; , 1=1,2,....m .

lai 3
Today ART includes both w; and a projection Pc on a convex set:

T

X(—Pc(X—I—wk ai) : 1=1,2,....m.

las]|3
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