
Extended Neural Contractive Dynamical
Systems: On Multiple Tasks and
Riemannian Safety Regions

Journal Title
XX(X):1–23
©The Author(s) 2016
Reprints and permission:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/ToBeAssigned
www.sagepub.com/

SAGE

Hadi Beik-Mohammadi12, Søren Hauberg3, Georgios Arvanitidis3, Gerhard Neumann2, and
Leonel Rozo1

Abstract
Stability guarantees are crucial when ensuring that a fully autonomous robot does not take undesirable or potentially
harmful actions. We recently proposed the Neural Contractive Dynamical Systems (NCDS), which is a neural network
architecture that guarantees contractive stability. With this, learning-from-demonstrations approaches can trivially provide
stability guarantees. However, our early work left several unanswered questions, which we here address. Beyond
providing an in-depth explanation of NCDS, this paper extends the framework with more careful regularization, a
conditional variant of the framework for handling multiple tasks, and an uncertainty-driven approach to latent obstacle
avoidance. Experiments verify that the developed system has the flexibility of ordinary neural networks while providing
the stability guarantees needed for autonomous robotics.
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1 Introduction
Autonomous robotic systems require stability guarantees to
ensure safe and reliable operation, especially in dynamic
and unpredictable environments. Manually designed robot
movements can achieve such stability guarantees, but even
skilled engineers struggle to hand-code highly dynamic
motions (Billard et al. 2016). In contrast, learning robot
skills from human demonstrations is an efficient and intuitive
approach for encoding highly dynamic motions into a robot’s
repertoire (Schaal et al. 2003). Unfortunately, learning-based
approaches often struggle to ensure stability as they rely on
the machine learning model to extrapolate in a controlled
manner. In particular, controlling the extrapolation behavior
of neural networks has proven challenging (Xu et al. 2021),
which hampers stability guarantees.

Many tasks require the robot to dynamically follow desired
trajectories, e.g. in flexible manufacturing, human-robot inter-
action, or entertainment settings. In these cases, asymptotic
stability, which guarantees stability only with respect to a
fixed point (Rana et al. 2020a; Khansari-Zadeh and Billard
2011; Zhang et al. 2022), is insufficient, demanding a more
general stability concept. Contraction theory (Lohmiller
and Slotine 1998; Bullo 2024) is particularly well-suited, as
it ensures that all path integrals, regardless of their initial
state, incrementally converge over time. Unfortunately,
the mathematical requirements of a contractive system are
difficult to ensure in popular neural network architectures.

To address this problem, our previous work introduced
Neural Contractive Dynamical Systems (NCDS, Beik-
Mohammadi et al. (2024)), a neural network architecture
designed to ensure contractive behavior across all parameter
values. This model enables robots to maintain stability even
when subjected to external perturbations. The original NCDS
(“vanilla NCDS”) framework provides a solid foundation

for learning complex contractive dynamical systems. Still,
there remains potential for further refinement, particularly
in formulating the Jacobian of the learned system dynamics,
which is crucial for stability and generalization capabilities.
Vanilla NCDS employs a symmetric Jacobian with a
constant regularization term to enforce contraction (Lohmiller
and Slotine 1998; Jouffroy and I. Fossen 2010). While
effective, this approach left room for exploring how different
regularization methods and Jacobian formulations could
enhance the model’s performance both within and beyond
the data support region.

The vanilla NCDS framework learns high-dimensional
dynamics via a low-dimensional contractive latent space.
However, it performs all obstacle avoidance computations in
the ambient (high-dimensional) space, which may be compu-
tationally intensive. To the best of our knowledge, no existing
method for learning dynamical systems can simultaneously
learn contractive stable dynamics while also performing
obstacle avoidance in the latent space. To achieve this, we
extend the work of Beik-Mohammadi et al. (2023), and
leverage a Riemannian pullback metric, derived from a VAE
injective decoder, to lift the obstacle avoidance problem to
the latent space. This ensures the avoidance of unsafe regions
outside of data support. On the multi-task front, the vanilla
NCDS framework, like most methods that learn contractive
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Figure 1. Robot motion generated for a grasping skill using a
Conditional Neural Contractive Dynamical System (CNCDS). The
robot motion is conditioned on an input image of the object placed
on a desk. CNCDS also learns a Riemannian manifold from
demonstrations, representing a safety region to navigate through.

dynamical systems (Tsukamoto and Chung 2021a; Dawson
et al. 2023; Jaffe et al. 2024), was designed to learn a single
skill. Although this may suf�ce for certain tasks, a more
general approach would involve enabling the learning of
multiple skills within the same contractive dynamical system.
This reduces not only the use of computational resources but
also the need to train separate models for each skill.

In this paper, we introduce several advancements to the
vanilla NCDS aimed at improving the model's �exibility
and robustness. Our�rst contribution focuses on the
regularization of the Jacobian of the learned system dynamics.
We investigate various unexplored strategies, including state-
independent and state-dependent regularization vectors, as
well as eigenvalue-based approach. These methods aim to
�ne-tune the contraction properties of the system, leading to
more robust generalization and faster convergence within the
data region. Oursecond contributionexplores the potential
bene�ts of introducing asymmetry into the system Jacobian
matrix by incorporating both symmetric and skew-symmetric
components. This asymmetry aims at increasing the model's
�exibility, allowing it to capture more complex dynamical
behaviors (Jaffe et al. 2024). This investigation builds on the
understanding that, while symmetry in the Jacobian provides
certain stability bene�ts, asymmetry could offer more nuanced
control over the system's dynamics, particularly relevant in
complex dynamic skills. Ourthird contribution , “conditional
NCDS” (CNCDS), extends the model to handle multiple
motion skills by conditioning on task-related variables such
as target states. This conditional framework allows a single
NCDS module to adapt to varying task conditions, broadening
its applicability in more complex, multimodal robotic tasks.
Finally, ourfourth contribution extends NCDS with latent
obstacle avoidance capabilities. Our approach, inspired by
modulation matrix techniques, allows the system to navigate
around dynamic obstacles while maintaining contractive
stability (Huber et al. 2022, 2019).

We frame obstacle avoidance from a Riemannian
perspective and de�ne safety regions in the latent space
through Riemannian pullback metrics (Beik-Mohammadi
et al. 2023). This designates both obstacles and out-of-data-
support regions as unsafe.

2 Learning contractive vector �elds

In this section, we revisit the neural contractive dynamical
system (NCDS) method introduced by Beik-Mohammadi
et al. (2024). Later, we explain how NCDS can be improved
through the introduction of a new data-driven regularization
technique and modi�cations to the symmetry of its Jacobian
formulation. Our main goal is to design a �exible neural
architecture that is guaranteed to always output a contractive
vector �eld. First, we introduce contraction theory as it is
prerequisite to our design.

2.1 Background: contractive dynamical
systems

Assume an autonomous dynamical system_x t = f (x t ),
wherex t 2 RD is the state variable,f : RD ! RD is aC1

function, and _x t = dx=dt denotes temporal differentiation.
As depicted in Fig. 3, contraction stability guarantees that
all solution trajectories of a nonlinear systemf incrementally
converge regardless of initial conditionsx 0; _x 0, and
temporary perturbations (Lohmiller and Slotine 1998). The
system stability can, thus, be analyzed differentially, i.e. we
can ask if two nearby trajectories converge to one another.
Speci�cally, contraction theory de�nes a measure of distance
between neighboring trajectories, known as thecontraction
metric, under which the distance decreases exponentially over
time (Jouffroy and I. Fossen 2010; Tsukamoto et al. 2021).

Formally, an autonomous dynamical system yields the
differential relation� _x = J (x )� x , whereJ (x ) = @f=@x is
the system Jacobian and� x is a virtual displacement (i.e.,
an in�nitesimal spatial displacement between the nearby
trajectories at a �xed time). Note that we have dropped the
time indext to limit notational clutter. The rate of change of
the corresponding in�nitesimal squared distance� x T � x is

d
dt

(� x T � x ) = 2 � x T � _x = 2 � x T J (x )� x : (1)

It follows that if the symmetric part of the JacobianJ (x )
is negative de�nite, then the in�nitesimal squared distance
� x T � x between neighboring trajectories decreases over time.
This is formalized as follows.

De�nition 1. Contraction stability (Lohmiller and Slotine
1998). An autonomous dynamical system_x = f (x ) exhibits
a contractive behavior if its JacobianJ (x ) = @f=@x is
uniformly negative de�nite, or equivalently if its symmetric
part is negative de�nite. This means that there exists
a constant � > 0 such that � x T � x converges to zero
exponentially at rate2� , i.e.,k� x k � e� � t k� x 0k. This can
be summarized as,

9 � > 0 s.t. 8x ;
1
2

�
J (x ) + J (x )T

�
� � � I � 0: (2)

The above analysis can be generalized to account for a more
general notion of distance of the form� x T M (x )� x , where
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Figure 2. The effect of eigenvalue differences and asymmetry of the Jacobian on the contraction behavior of the vector �eld. Left: In
a contractive dynamical system with a symmetric Jacobian, when the eigenvalues are equal, the system contracts uniformly in all
directions. Middle: In a contractive dynamical system with a symmetric Jacobian, when the eigenvalues are different, the system
contracts more rapidly in the direction associated with the larger eigenvalue. Right: An example of a contractive dynamical system
with an asymmetric Jacobian.

M (x ) is a positive-de�nite matrix known as the Riemannian
contraction metric (Tsukamoto et al. 2021; Dawson et al.
2023). In our work, we learn a dynamical systemf so that
it is inherently contractive since its JacobianJ (x ) ful�lls
the condition given in equation 2. Consequently, it is not
necessary to separately learn a contraction metric as an
identity matrix suf�ces.

2.2 Neural contractive dynamical systems
From De�nition 1, we seek a �exible neural network
architecture, such that the symmetric part of its Jacobian
is negative de�nite. We consider the dynamical system
_x = f (x ), where x 2 RD denotes the system's state
andf : RD ! RD is a neural network. Note that it is not
trivial to impose a negative de�niteness constraint on a
network's Jacobian without compromising its expressiveness.
To overcome this challenge, we �rst design a neural network
Ĵ f representing directly the Jacobian of our �nal network.
This produces matrix-valued negative de�nite outputs. The
�nal neural network, parametrizingf � , will then be formed
by integrating the Jacobian network.

Speci�cally, we de�ne the Jacobian as,

Ĵ f (x ) = � (J � (x )T J � (x ) + � ID ); (3)

whereJ � : RD ! RD � D is a neural network parameterized
by � , � 2 R+ is a small positive constant, andID is an identity
matrix of sizeD. Intuitively, J � can be interpreted as the
(approximate) square root of̂J f . Clearly, Ĵ f is negative
de�nite as all eigenvalues are bounded from above by� � .

Next, we take inspiration from Lorraine and Hossain (2019)
and integrateĴ f to produce a functionf , which is implicitly
parametrized by� , and has Jacobian̂J f . The fundamental
theorem of calculus for line integrals tells us that we can
construct such a function by a line integral,

_x = f (x ) = _x 0 +
Z 1

0
Ĵ f (c(x ; t; x 0)) _c(x ; t; x 0)dt; (4)

with c(x ; t; x 0) = (1 � t) x 0 + tx ;

_c(x ; t; x 0) = x � x 0;

wherex 0 and _x 0 = f (x 0) represent the initial conditions
of the state variable and its �rst-order time derivative,

Figure 3 . The learned
vector �eld (grey) and
demonstrations (black).
Yellow and green
trajectories show path
integrals starting from
demonstration starting
points and random
points, respectively.

respectively. The input pointx 0 can be chosen arbitrarily
(e.g. as the mean of the training data or it can be learned),
while the corresponding function value_x 0 has to be estimated
along with the parameters� . Therefore, given a set of
demonstrations denoted asD = f x i ; _x i g, our objective is
to learn a set of parameters� along with the initial conditions
x 0 and _x 0, such that the integration in equation 4 enables
accurate reconstruction of the velocities_x i given the statex i .
This is achieved through the velocity reconstruction loss,

L vel =
1
N

NX

i =1






 _x i � _̂x i








2
; (5)

where _x i denotes the demonstrated velocity,_̂x i is the
predicted velocity, andN represents the number of data points.
This process is shown in blockB of the architecture in Fig. 10.

Note that the integral in equation 4 resembles the neural
ordinary differential equations (Chen et al. 2018b), with
the subtle difference that it is a second-order equation as
the outcome pertains to thevelocity at statex . We can,
thus, view this system as a second-order neural ordinary
equation (Norcliffe et al. 2021) and solve it using off-the-
shelf numerical integrators. The resulting functionf � will
have a negative de�nite Jacobian for any choice of� and is
consequently contractive by construction. In other words, we
can control the extrapolation behavior of the neural network
that parameterizes our dynamical systemf via the negative-
de�niteness ofĴ f (x ).
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(a) Constant regularization (b) State-independent regularization (c) State-dependent regularization (d) eigenvalue regularization

Figure 4. Comparison of 2D vector �elds learned by using the following regularization approaches: (a): constant regularization, (b):
state-independent regularization vector using basic optimization, (c): state-dependent regularization vector utilizing neural network,
and (d): eigenvalue regularization.

We call this theneural contractive dynamical system
(NCDS), �rst introduced in our previous work (Beik-
Mohammadi et al. 2024). This approach offers two key
bene�ts:(1) it allows the use of any smooth neural networkJ �

as the base model, and(2) training can be performed with ordi-
naryunconstrainedoptimization, unlike previous approaches.

Figure 3 shows an example vector �eld learned by NCDS,
which is clearly highly �exible while still providing global
contractive stability guarantees.

With the introduction of NCDS, we propose two ways to
improve it by focusing on the formulation of the Jacobian
Ĵ f (x ), as it is the key element that in�uences the behavior
of the system. The formulation of the Jacobian in equation 3
is characterized by two main components: the symmetric
matrix J � (x )T J � (x ), and the regularization term� ID . Each
of these components is crucial in determining the behavior
of the model on the data support, and more importantly, its
ability to generalize outside of it.

Although NCDS (Beik-Mohammadi et al. 2024) demon-
strated signi�cant potential in learning complex contractive
dynamical systems, there remains an opportunity to further
explore the individual impact of each component. In the
following two sections, we will explore the effects of
these elements and propose improvements to enhance their
performance. From this point forward, we will refer to the
NCDS formulated with equations 3 and 4 asvanilla NCDS.

2.2.1 Regularization: The primary objective of the
regularization term� is to ensure that the Jacobian matrix
Ĵ f associated with NCDS is not semi-de�nite, thus breaking
the contraction guarantees. Notice that the eigenvalues of
the symmetric part of the Jacobian indicate how the system
contracts or expands along different eigenvectors. Moreover,
the contraction rate of a system is determined by its eigenvalue
closest to zero (i.e., the largest eigenvalue as all eigenvalues

are negative), representing the minimum rate of convergence
that the system exhibits along any direction. In vanilla
NCDS, the regularization method, here referred to asconstant
regularization, adds a small constant to the diagonal terms of
the JacobianJ T

� J � . Therefore, the �nal learned eigenvalues
are in�uenced by both the neural network parameters and the
applied regularization. Moreover, it indirectly determines the
system's contraction rate by providing an upper bound on the
eigenvalues. Note that when these eigenvalues are identical,
the system can only represent a �xed point in space rather than
a trajectory (Fig. 2–left). Even under the former condition, the
system remains contractive. Interestingly, by increasing the
disparity between the eigenvalues, the system converge more
rapidly along certain axes (Fig. 2–middle).

Formally, let Ĵ f denote the Jacobian matrix with
eigenvalues � 1; � 2; : : : ; � D . We can obtain different
contractive behaviors as a function of� i , as follows: (1) When
� 1 = � 2 = : : : = � D , the system contracts uniformly in all
directions (see Fig. 2–left); (2) When� i > � j , the system
exhibits faster contraction along the direction associated
with the larger eigenvalue� i , and slower contraction in the
direction corresponding to the smaller eigenvalue� j . As
illustrated in Fig. 2–middle, this difference in contraction
rates leads to the characteristic curved trajectories of the
path integrals, as the system contracts more rapidly along
the eigenvector of� i and more gradually along that of� j .

Given this analysis, we propose to better control the
system's contraction through regularization by considering
the following three approaches:(1) state-independent
regularization vector, (2) state-dependent regularization
vector, and(3) eigenvalue regularization. We also propose a
metric to assess the system's contraction properties relative
to the demonstration region in all scenarios. This metric
quanti�es the duration, in time steps, that each path integral
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Figure 5. Comparison of 2D vector �elds learned with different Jacobian formulations. Left: Vector �eld obtained using the symmetric
Jacobian formulation. Middle: Vector �eld obtained using the asymmetric Jacobian formulation. The learned vector �eld (grey) and
demonstrations (black). Yellow and green trajectories show path integrals starting from demonstration starting points and random
points, respectively. Right: Vector �eld with asymmetric Jacobian learned using NCDS with symmetric Jacobian.

remained within this region. A higher count of time steps
inside the region indicates that the trajectories converge faster,
thus suggesting a stronger contraction. We now proceed to
explain these different regularization approaches for NCDS.

Regularization vector: Here we treat� 2 RD as a vector
rather than a constant. Consequently, the Jacobian is
reformulated as follows,

Ĵ f (x ) = � (J � (x )T J � (x ) + diag( � )) : (6)

We propose two distinct methods to learn the vector� .
State-independent:In this method,� is assumed to be

independent of the system's statex . The vector� is learned
by minimizing the following loss function,

L � = � �
DX

n =2

j� 1 � � n j2 ; (7)

where � is a weight, and� 1; : : : ; � D are elements of the
regularization vector� . Thus, the overall loss is de�ned as
L total = L vel + L � . Figure 4–b shows a contractive dynamical
system employing this method. The path integrals suggest
that the system exhibits higher contraction when compared to
the naive constant regularization shown in Fig. 4–a. This is
quantitatively supported by the contraction measure statistics
reported in Fig. 7, showing that the trajectories converge
approximately276%faster towards the data support.

State-dependent: In this approach, the regularization
vector� = g(x ) is computed as a function of the statex using
a neural networkg� (x ) : RD ! RD with parameters� . The
parameters� are learned via back propagation, which aims
at minimizing the loss introduced in equation 7. Figure 4–
c shows a contractive dynamical system using this state-
dependent method, exhibiting faster trajectory convergence
compared to the naive constant regularization (Fig. 4–a).
Figure 7 shows that trajectories converge approximately100%
faster towards the data support. However, we noticed that the
neural networksg� might produce very small regularization
vectors, potentially generating spurious attractors.

Eigenvalue regularization: Consider the Jacobian matrix
Ĵ f associated with the dynamical systemf , whose eigenvalue
decomposition is given bŷJ f = V � V � 1, whereV is the
matrix of eigenvectors of̂J f , and� is the diagonal matrix
of eigenvalues,� = diag( � 1; � 2; : : : ; � D ). To incorporate

regularization directly on the eigenvalues, we can use the
same loss as in equation 7, with the difference that we
manipulate the eigenvalues directly. For example, a simple
loss encouraging the deviation of eigenvalues from a chosen
eigenvalue� i is,

L � = � �
DX

n =1

j� i � � n j2 ; (8)

where� is a weight, and the �nal loss includes both the
velocity reconstruction loss and the regularization loss. Note
that the main limitation of this approach is its computational
cost due to the need to backpropagate through the eigenvalue
decomposition. Figure 4–d illustrates the impact of this
method on the system's contraction, showing relatively
modest gains on the convergence of trajectories compared to
the naive constant regularization approach depicted in Fig. 4–
a. This is evident from the contraction measure statistics
reported in Fig. 7, showing that trajectories converge only
13%faster towards the data support.

In conclusion, as regularization techniques become more
complex, predicting their impact on the system's ability to
generalize beyond the training data becomes increasingly
challenging. The results in Fig. 4 suggest that thevector-
value state-independentmethod provides a better contractive
behavior toward the demonstration region and generalization
outside of the data support. Also, the computational cost of
this approach is lower than the alternatives as it does not rely
on a neural network or an eigen-decomposition operation.

Next, we turn our attention to the other key component
of equation 3, namely the symmetric matrixJ � (x )T J � (x ).
Our objective is to explore the effects of modifying the
Jacobian from its symmetric form to an asymmetric one,
with a particular focus on understanding how the introduction
of a skew-symmetric component impacts the generalization
behavior of the contractive dynamical system.

2.2.2 Asymmetry of the Jacobian : Vanilla NCDS builds
on a symmetric Jacobian, as formulated in equation 3.
However, it is important to note that for a dynamical
system to be contractive, its Jacobian does not need to be
symmetric (Jaffe et al. 2024). As Jaffe et al. (2024) discuss, a
simple form of a contractive vector �eld with an asymmetric
Jacobian can be expressed as the following linear system:
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