The International Journal of Robotics
Research

XX(X):1-22

©The Author(s) 2021

Reprints and permission:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/ToBeAssigned
www.sagepub.com/

Hadi Beik-Mohammadi12, Sgren Hauberg3, Georgios Arvanitidis3, Gerhard Neumann
1

Reactive Motion Generation on Learned
Riemannian Manifolds

2, and

Leonel Rozo

Abstract

In recent decades, advancements in motion learning have enabled robots to acquire new skills and adapt to unseen
conditions in both structured and unstructured environments. In practice, motion learning methods capture relevant
patterns and adjust them to new conditions such as dynamic obstacle avoidance or variable targets. In this paper, we
investigate the robot motion learning paradigm from a Riemannian manifold perspective. We argue that Riemannian
manifolds may be learned via human demonstrations in which geodesics are natural motion skills. The geodesics are
generated using a learned Riemannian metric produced by our novel variational autoencoder (VAE), which is intended
to recover full-pose end-effector states and joint space configurations. In addition, we propose a technique for facilitating
on-the-fly end-effector/multiple-limb obstacle avoidance by reshaping the learned manifold using an obstacle-aware
ambient metric. The motion generated using these geodesics may naturally result in multiple-solution tasks that have
not been explicitly demonstrated previously. We extensively tested our approach in task space and joint space scenarios
using a 7-DoF robotic manipulator. We demonstrate that our method is capable of learning and generating motion skills
based on complicated motion patterns demonstrated by a human operator. Additionally, we assess several obstacle

avoidance strategies and generate trajectories in multiple-mode settings.
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1 Introduction

Robot learning has gained interest recently because of
its potential to endow robots with a repertoire of motion
skills to operate autonomously or assist humans in
repetitive, precise, and risk-averse tasks. In this paper,
we tackle the robot motion generation problem from a
robot learning perspective, which involves modeling and
reproducing motion skills such as picking, placing, etc.
In practice, we may broadly classify motion generation
techniques into two categories: Classic motion planners and
movement primitives. The former generates obstacle-free
continuous trajectories between start and goal configurations
using search or sampling-based algorithms (Elbanhawi and
Simic 2014; Mohanan and Salgoankar 2018). Movement
primitives, in contrast, are a modular abstraction of robot
movements, where a primitive represents an “‘atomic action”
or an “elementary movement”, which are often designed
using robot learning techniques (Schaal et al. 2003). A
relevant distinction between the aforementioned approaches
is that motion planners require a precise description of
the robot workspace to generate a continuous path to the
goal, while movement primitives rely on observed motion
patterns to encapsulate the desired trajectory without an
explicit model of the environment. If an unseen obstacle
shows up in the robot workspace, motion planners often
need to replan the entire trajectory from scratch, while most
movement primitives require to be retrained, unless they
are provided with via-point passing features. We aim for
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a trade-off between these two categories: A learning-based
reactive motion generation that generates robot movements
resembling the observed motion patterns while avoiding
obstacles on the fly.

Human movements often involve following geodesic
paths, which are the most efficient and natural-looking paths.
This is particularly true when completing tasks that require
hand skills, such as reaching for an object. In these cases,
individuals tend to take the path that minimizes the distance
and energy required for the movement. This has been
observed in different studies (Moon et al. 2012; Klein et al.
2022). Therefore, we resort to learning-from-demonstration
(LfD) to build a model of robot motions, a technique in which
the skill model is learned by encapsulating motion patterns
from human demonstrations (Osa et al. 2018). The current
LfD approaches do not need an environment model and
some can quickly adapt to settings with dynamic targets (Osa
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et al. 2018; Ijspeert et al. 2013; Calinon 2016). We can
broadly identify three main groups of LfD approaches that
use motion primitives as their building blocks. The first
group explicitly considers the motion dynamics (Ijspeert
et al. 2013; Manschitz et al. 2018). The second group
builds on probabilistic approaches that exploit demonstration
variability for motion adaptation and control (Huang et al.
2019; Calinon 2016; Paraschos et al. 2018). The last group
uses neural networks as their skill model and focuses on
robot motion generalization (Seker et al. 2019; Osa and
Ikemoto 2019). Despite their significant contributions (see
Section 2), several challenges are still open: Encoding
and reproducing full-pose end-effector movements, skill
adaptation to unseen or dynamic obstacles at both task
and joint spaces, handling multiple-solution (a.k.a. multiple-
mode) tasks in the aforementioned spaces, and generalization
to unseen situations (e.g. new target poses), among others.

In our previous paper (Beik-Mohammadi et al. 2021),
we provided an LfD approach that addressed several of the
foregoing problems by leveraging a Riemannian perspective
for learning robot motions using task space demonstrations.
We employed a Riemannian formulation to represent a
motion skill, in which human demonstrations were assumed
to form a Riemannian manifold (i.e. a smooth surface),
which could be learned in task space R® ~ S°. This approach
showed to have a number of advantages: Strong capabilities
to model the non-linearity of motion data, adaptability to
unseen conditions (e.g. obstacles), and generation of novel
task solutions. The core of our previous approach was built
on a variational autoencoder (VAE) that was exploited to
compute a Riemannian metric describing the underlying
structure of these skill manifolds. This metric allowed us
to measure distances on Riemannian manifolds, a property
that is used to compute geodesics (i.e., the shortest paths
on Riemannian manifolds), which was then leveraged as our
motion generation mechanism. In addition, we designed an
ambient space metric to reshape the skill manifold on the
fly in order to perform obstacle avoidance. Furthermore, the
learned skill manifold was able to encode multiple-solution
tasks, which naturally resulted in novel hybrid solutions
based on the synergy of a subset of the demonstrations.

In this paper, we extend our previous work in two
different ways. First, inspired by the need of avoiding
obstacles at any location of the robot body, we propose a
new reactive motion generation method that also leverages
the Riemannian approach proposed in (Beik-Mohammadi
et al. 2021) for joint space skills. To do so, we develop
a new VAE architecture that integrates the robot’s forward
kinematics to access task space information at any point on
the robot body. This new approach makes joint space skill
adaptation possible, allowing the robot to simultaneously
avoid unseen and dynamic obstacles and handle multiple-
solution (a.k.a. multiple-mode) tasks in both task and joint
spaces. Second, we describe both methodologies with simple
examples and extensively evaluate them on real tasks using
a 7-DoF robot manipulator. The experiments showcase how
our techniques allow a robot to learn and reconstruct motion
skills of varying complexity. In particular, we show how
our methods enable obstacle avoidance at task and joint
space levels. Moreover, we provide experiments where the
robot exploits multiple-solution tasks to effectively generate
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Figure 1. From demonstrations we learn a variational
autoencoder that spans a random Riemannian manifold.
Geodesics on this manifold are viewed as motion skills.

hybrid solutions without model retraining. Furthermore, we
experimentally analyze how the latent space dimensionality
impacts the quality of the geodesic motion generator,
and how the robot behaves when controlled by geodesics
crossing the manifold boundaries.

In summary, we propose a new Riemannian learning
framework for reactive motion skills that lies on the
middle ground between classical motion planning and
motion primitives. Similar to motion primitives, we exploit
human demonstrations to learn a model of a skill with
the assumption that these demonstrations belong to a
smooth surface characterized as a Riemannian manifold.
Additionally, our method, like motion planners, derives
a time-independent reference trajectory from a geodesic
motion generator while incorporating obstacle avoidance
capabilities.

In Section 2, we review relevant work on learning
from demonstration, variational auto-encoders, Riemannian
manifolds, their connections, and ambient space metrics.
In Section 3, we examine how a skill manifold may be
trained and used to reconstruct robot motion when the
demonstrations are provided in the task and joint spaces.
Section 4 investigates geodesic computation and their ability
to avoid unseen obstacles on the fly. In Section 5, we show
our method capabilities via a series of real-world robot
experiments. Finally, in Section 6, we discuss some of the
limitations of our approach and provide possible solutions to
be explored in future work.

2 Background and Related Work

Due to the strong connections between our work and the
learning from demonstration (LfD) technique, we begin
this section by discussing pertinent work on learning and
synthesizing joint and task space motion skills via LfD.
We look into how these approaches reconstruct full-pose
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trajectories, provide obstacle avoidance capabilities, ahdve a learning framework capable of encoding full-pose
reproduce multiple-solution (multiple-mode) tasks. Secondhotion patterns. The main challenge is then how to properly
we review Riemannian geometry as well as variationahcode and reproduce orientation movements. Despite most
auto-encoders (VAEs), which are essential concepts fioiD approaches have overlooked this problem (Paraschos
our approach. Finally, we explain recent advances in tle¢ al. 2018; Seker et al. 2019; Calinon 2016; Huang et al.
connection between VAEs and Riemannian geometry, whi@19), recent works have addressed it using probabilistic

is the backbone of our methods. models (Rozo and Dave 2021; Zeestraten 2018). In
our previous work (Beik-Mohammadi et al. 2021), we
2.1 Learning from Demonstration (LfD) proposed a VAE architecture capable of encoding full-pose

LfD is a robot programming technique that |everaget§ajectories, which is here exploited for learning a variety of

human demonstrations, recorded via kinesthetic teachiffft! robotic tasks. _ _
or teleoperation, to learn a model of a task (RavichandarObStade avoidance is another feature that a reactive
et al. 2020). End-effector positions and orientations, joiffotion generation should offer. While several approaches
con gurations, linear or angular velocities, and acceleratio§!y Solely on obstacles information given before learn-
are all examples of data that can be used in LfD. The methd§ (Prescott and Mayhew 1992; Aljalbout et al. 2020), these
for dealing with motion dynamics are outside the sco® ineffective in dynamic environments. Other techniques
of this study; Instead, we focus on techniques for learnifgPIOit via-points (Paraschos et al. 2018; Seker et al. 2019;
and synthesizing robot skills built on joint and task spacdeuang et al. 2019) to tackle this problem in an indirect
trajectories. fashion, but they do not require retraining the skill model.

We identify three key lines of research and theift different perspective on the obstacle avoidance problem
particular features (e.g. obstacle avoidance) for robot motish 0 See obstacles as costs in an optimization framework
learning. The rst group focuses on motion dynamic&hat seel_<s to generate optlmal and obstacle-free trajecto-
learning (ljspeert et al. 2013; Manschitz et al. 201gJies (Urain etal. 2021; Ratliff et al. 2018).
where demonstrations are considered solutions to speci cMeanwhile, our method tackles the obstacle avoidance
dynamical systems. These techniques are well-behaw¥@blem from a metric-reshaping viewpoint. We design
when confronted with changes in the environment due @pstacle-aware ambient space metrics to reshape the learned
their autonomous systems formulation. The second set Remannian metric. The combination of these two metrics
approaches builds on probabilistic methods that exploftelds a new metric that is exploited to generate trajectories
data variability and model uncertainty (Huang et al. 2014hat simultaneously follow the demonstrations while also
Calinon 2016; Paraschos et al. 2018). Their probabilistvoiding obstacles. Note that the ambient space metric
formulation allows robots to execute the skill using @lways represents a notion of distance to the obstacles
large diversity of trajectories sampled from the skill modein task space. It is worth mentioning that the choice of
The last category includes approaches that use neu¥@monstration ambient space de nes how this metric can
networks for increasing generalization in robot motioR€ designed to avoid obstacles. For example, when using
learning (Seker et al. 2019; Osa and lkemoto 201dpint space demonstrations, the ambient space metric can
Furthermore, there exist methods that combine dynamid@forporate information about the distance from any point
systems and neural networks (Bahl et al. 2020; Rana et @f.the robot to the obstacles, resulting in a multiple-limb
2020), or dynamical systems and probabilistic models (Ug@bstacle avoidance capability. On the contrary, when using
and Girgin 2020; Khansari-Zadeh and Billard 2011). Affask space end-effector demonstrations, this metric only
of the aforementioned methods belong to the categdpjovides obstacle avoidance at the level of the robot end-
of movement primitives (MPs), which is an alternativeffector.
approach to classic motion planning (Elbanhawi and Simic Our obstacle avoidance technique employs a technique
2014) for robot motion generation. similar to that of CHOMP (Ratliff et al. 2009), which

In contrast, we propose a reactive motion generatidgnvolves the use of a simplied geometric representation
technique that lies on a middle ground between movemeftthe robot and obstacles in order to construct a uniform
primitives and motion planning. Similar to motion primi-grid in the task space. This grid is used to determine the
tives, we exploit human demonstrations to learn a modeftential for collision between the trajectory of the robot and
of a skill with the assumption that these demonstratio@#ly obstacles present. Additionally, our method incorporates
belong to a smooth surface characterized as a Riemanriis information into the geodesic energy leading to optimal
manifold. Additionally, our method, like motion plannerspaths that adapt accordingly. This approach is conceptually
derives a time-independent reference trajectory generagginparable to CHOMP, which also utilizes a cost function
from geodesic curves, which can be locally deformed tbat considers the presence of obstacles.
avoid unseen obstacles. Speci cally, our method leveragesHuman demonstrations can naturally show various
a neural network (VAE) to learn a Riemannian metric thatolutions to a single motion skill (Rozo et al. 2011; Seker
incorporates the network uncertainty. This metric allows u al. 2019), which is typically addressed using hierarchical
to generate motions that resemble the demonstrations téahniques (Konidaris et al. 2012; Ewerton et al. 2015). Our
geodesics. The decoded geodesics are then used as referappmach enables the encoding of multiple-solution tasks on
trajectories on the robot to reproduce motion trajectories thae learned Riemannian manifold, which is then exploited to
resemble the demonstrations. replicate the demonstrated skill and generate novel hybrid

Complex robot movements may involve sophisticatesblutions based on a synergy of a (sub)set of demonstrations.
full-pose end-effector trajectories, making it imperative tdhese hybrid solutions naturally emerge from our geodesic
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motion generator on the learned Riemannian manifold. NothereM andc, = @c; are the Riemannian metric and curve
that the aforementioned robot motion learning techniqueerivative, respectively. Note that the Riemannian metric
only provide trajectories that strictly follow the demonstratedorresponds to,
patterns without the ability to generate hybrid solutions.

M (z) = 5 (2)"J1 (2): (")

2.2 Variational auto-encoders (VAES) _ _ _ _ _

) , ) Here,J¢ (z) is the Jacobian of the mapping functibnThis
VAEs are generative models (Kingma and Welling 2014}atic can be used to measure local distanceZ.ifThe
that learn and reconstruct data by encapsulating their dengify test path on the manifold, also known as the geodesic,

into a lower-dimensional latent spaze Speci cally, VAES  can he computed given the curve length in Eq. (6). Geodesics
encode the training data densfifx ) in an ambient spac¥ 4, Riemannian manifolds can be seen as a generalization

through a low-dimensional latent variakde For simplicity, ¢ strajght lines in Euclidean space. However, geodesics
we consider the generative process of a Gaussian V’?}lr:rght not be unique, e.g. great circles on the sphere

de ned as, manifold. Later, we demonstrate that calculating geodesics
z)= N(zj0: Iq): 227 1) ©on a learned Riemannian manifold can be leveraged to
p(. ) ( J_ ) ) @ recover demonstrated motion patterns. It should be noted
p (xjz2)=N zj (2);lo “(2) 5 x2X:  (2) that geodesics have recently been utilized as solutions of
trajectory optimizers for quadrotor control Scannell et al.
where :Z! X and :Z! RP are deep neural (2(1)21) yop a

networks with parameters estimating the mean and the
Ya”an(.:e of the posterior distributiqn (x ), andlp and 2.4 Learning Riemannian Manifolds with VAEs

4 are identity matrices of sizB andd, respectively. Since

the exact inference of the generative process is in genelfathis subsection, we examine the link between VAEs and
intractable, a variational approximation of the evidenddiemannian geometry. To begin, we rst de ne the VAE
(marginal likelihood) can be used, generative process of Eg. (2) as a stochastic function,

Letso = Eq (zjx) [l0g(p (xj2))] f(z)= (2)+diag( ) (2); N(0;Ip): (8)

L _ 3)
KL(a ZpOiip(z)) ; where (z) and (z) are decoder mean and variance

where g (zjx) = N(xj (x);lq 2(x)) approximates the neural networks, respectively. Alsdjag() is a diagonal

posterior distributiorp(zjx) by two deep neural networks Matrix, andlp is aD D identity matrix. The above
(x): X! Zand (x)): X! RY.The posterior distri- formulation is referred to as the reparameterization

bution p (zjx) is calledinferenceor encoderdistribution, trick (Kingma and Welling 2014), which can be interpreted

while the generative distributiop (xjz) is known as the @ samples generated out of a random projection of a

generatoror decoder In the next subsection, we use a VAEManifold jointly spanned by and , as depicted in Fig. 2.

to learn a skill-speci ¢ Riemannian manifold from human Riemannian manifolds may arise from mapping functions

demonstrations. between two spaces as in Eq. (4). As a result, Eq. (8)
may be seen as a stochastic version of the mapping
2.3 Riemannian Manifolds function of Eq. (4), which in turn de nes a Riemannian

. . . . . manifold (Hauberg 2019). We can now write the stochastic
In differential geometry, Riemannian manifolds are referrq%rm of the Riemannian metric of Eq. (7). To do so, we rst

to as curvedd-d|m§n5|onal colntlnuou.s and d'lfferenuabler cast the stochastic function Eq. (8) as follows (Eklund and
surfaces characterized by a Riemannian metric (Lee 201 uberg 2019)

This metric is characterized by a family of smoothly varying
positive-de nite inner products acting on the tangent spaces o (z)
of the manifold, which locally resembles the Euclidean space  f (2)= lo; diag() (2) ~ Po(z); (9)
RY. In this paper, we use the mapping functfoto represent
a manifoldM immersed in the ambient spaXede ned as, whereP is a random matrix, ang(z) is the concatenation
of (z) and (z). Therefore, the VAE can be seen as a
random projection of a deterministic manifold spannedjby
whereZ and X are open subsets of Euclidean spaces Wifﬁiven_ thgt this stochastic mapping function is de ned _by a
dim Z < dim X. pombln_atlon of mean (z_) and variance (z), the metric

An important operation on Riemannian manifolds is thi lIkewise based on a mixture of both as follows,

: o,

gce)r’rrwlggtgg?n of the length of a smooth curve[0;1]! Z, M@)=d @7 @)+J @) () (10)

M=f() with f:z! X; (4)

Z, where J (2), J (z), J ()7, and J (2)7 are
Le= k@f (c(t))kdt: (5) respectively the Jacobian of (z) and (z) and their
0 corresponding transpose evaluatedz& Z, with Z being
This length can be reformulated using the chain rule as, the VAE low-dimensional latent space.

Z1q Notably, the decoder variance network (z) approxi-
Le= c(t)T™M (c(t)) c(t)dt; (6) Mmates the data uncertainty, which plays a critical role in the
0 N metric Eqg. (10) by associating low values to regions with a
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Figure 2. In a Gaussian VAE,
samples are generated by a random
projection of the manifold jointly
spanned by and

high number of data points and vice-versa. Indeed, omittingthen computed as follows,

this element results in a low-curvature manifold geome-

try (Hauberg 2019). For example, Shao et al. (2018) sug- M(@2Z)=J @)"Mx( (z)Jd (2)

gests a S|mllqr technique that learns Riemannian mamfglds +3 @)Mx( @) (2): (12)
using generative models that do not model data uncertainty,

resulting in low-curvature manifolds and often straight linegiven this metric, we can compute geodesics that are

as geOdeSiCS. As eXplained earlier, the Riemannian metrr&)e”ed from certain regions of the ambient Sp@ce

is required to compute the geodesics, which conform to tlbg increasing the value of the ambient methitx. We

geometry of the training data (Arvanitidis et al. 2018).  demonstrate how this metric reshaping method is leveraged

In summary, we exploit the link between VAEsto generate obstacle-free robot motions in Section 5.

and Riemannian metrics for robot motion generation.

Speci cally, we learn a Riemannian metric that describer,; Riemannian manifold learning

the motion patterns observed during the demonstrations.

These demonstrations may take place in two differeim this section, we describe how learning complex

ambient spaces: Task and joint space, which de ne the VA®bot motion skills from demonstrations can be treated

architecture needed to learn the manifold of interest. Tlie@m a Riemannian manifold perspective. Unlike previous

geodesic curves generated on the learned manifold prodwerks Havoutis and Ramamoorthy (2013); Li et al. (2018),

robot movements that mimic the given demonstrations in thiehere skill manifolds are built from locally smooth manifold

ambient space. learning Dolar et al. (2007), we leverage a Riemannian
formulation. We develop a model that has enough capacity
to learn and synthesize the relevant patterns of a motion

2.5 Ambient space metric while being exible enough to adapt to new conditions

According to the preceding section, we leverage a VAE &g:.g. dynamic obs_tacles). In this context_, related approach_es
learn a Riemannian metric. However, there are situatioﬁgCh as geometric conirol methods build on the geometric

where this metric needs to be changed. For example, if O[EIPperties of a system in the design of control laws. These

metric encapsulates the main patterns of the robot moti ethogis are particularly useful in S|tuat|c_)ns where the
amics of the system are complex and dif cult to model

demonstrations, we may be interested in endowing the ro telv (Bull d Lewis 2004
with obstacle-avoidance capabilities. This means that \ﬁgcuraeyl( udoan ewis ).h h |
now require to reshape the manifold to take these obstacle®" @ e ated note, our approach shares some conceptua
into account. To do so, we need to reshape the previous spects with optimal control theory. Broadly speaking,

learned metric so that the new geodesics lead to obstacle- ggma.l .co.ntrol aims at nding th'ma' pontrol Inputs
robot motions. that minimize a speci ¢ cost functional (Kirk 1970). The

. . - onnection between inverse optimal control and Riemannian
A nave approach would entail retraining the VAE mode P

ith dat hich is ti : d data-intensi anifold learning is that the learned Riemannian metric
with new data, which 1S time-consuming and data-Intensive, , e nderstood as the cost function that the human
and can only be executed of ine. We propose to resha

_ . . A& monstrator is optimizing. More speci cally, the optimal
the learned metric by considering problem-speci ¢ amb'e@)(pert demonstrations of a motion are used to learn a

metrics. Note that although the de nition of curve lengtlhiemannian metric that de nes the optimal or shortest

reheg on the Euclidean me_t_n(_: Of, this is not a strict ath (i.e., geodesics) that minimizes the functional in
requirement. Indeed, Arvanitidis et al. (2021) argued th . (6). In comparison, our method differs conceptually

th.ere IS vglue N gving thg amb.|ent space a manually-glg N§fom the aforementioned control techniques, as it leverages
Riemannianmetric and mcl_udmg that into the de nition eodesic on a learned Riemannian manifold for robot motion
of curve length. The resulting metric can then be used neration. While all approaches aim to achieve precise and
compute the curve length as, ef cient control or planning for mechanical systems, they do

Z,q so through different perspectives. We next describe how we
Le= oO)TIr ()™M x(F () I (c(t)c(t)dt; USe VAEs to access a low-dimensional learned manifold of
- the demonstrations to learn an ambient space Riemannian
(11)  metric.

As mentioned previously, this metric is exploited to
where M x is the ambient metric, which can now varyreconstruct robot motions in both task sp&®e S® and
smoothly across(. The reshaped Riemannian metric4An joint spaceR . In addition, we discuss the design of the
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corresponding VAE for each ambient space as well as thatipodal identi cation thatq and ¢ correspond to the
formulation of the corresponding Riemannian metric. Isame orientation. Formally, a unit quaternignlying on
Section 4, we explain how we exploit these learned metritise surface of &3-sphereS® can be represented using a
to generate robot motion trajectories using geodesics.  4-dimensional unit vectog = [qy; 0;dy; 6], Where the
scalar g, and vector(gy;q,; ) represent the real and
3.1 Task space R S imaginary parts of the quaternion, respectively. To cope

To begin, we focus on learning motion skills characterize‘ﬂith antipodality, gnef cou!d rpqdeq asl allpoint inh a
by full-pose end-effector trajectories, where each poSEQl€ctive space, but for simplicity we I live on the
is represented inR3 S°. Before exploiting the VAE unit sphereS°. We then choose a generative distribution

to compute the Riemannian metric, we must ensure fis (aiz) sut_:h thap (qjz) = p_( gjz). In Oth?r Wor_ds’
capability to properly learn and reconstruct full-pose en(ﬁ_he quat_ernlon_q and q are_con3|_dered to be antlpodal._they
effector states, i.e. position 2 R and orientation 2 <°, lie on diametrically opposite points on ttgesphere while

while accounting for speci ¢ properties of the data, suchFPresenting the same orientation. , .
as quaternions antipodality. To do so, we propose a VAE T0 formulate a suitable distributiom (gjz) overS’, we

architecture that models the joint density of the robot en&e_verage the von Mises-Fischer (vMF) distribution, which is

effector state. Our model retains the usual Gaussian prmferely an isotropic Ga_luss_iar_l co_nstr_ained t(? lie on the unit
p(z) = N(zjO:14), but modi es the generative distribution sphere (Sra 2018). This distribution is described by a mean

p . (x:gjz). Specically, we assume that position an irection with k k=1, and a concentration parameter
orientation are conditionally independent, 0. The vMF density function is de ned as,

p. (x:qiz)= p (xiz)p (qi2); (13) VMF(di ;)=Co(Jexp  Tqa;  k k=1; (15)

where the latent variable captures the correlation betweerfVheréCo is the normalization constant
position and quaternion data. Next, we describe how each o
conditional distribution is parameterized and learned. Co()=

N 2)%ly 4()
3.1.1 Position encoding in R3: To model the conditional 2
distribution of end-effector positions, we opt for simplicity with |, ,( ) being the modi ed Bessel function of the rst

; (16)

and choose this to be Gaussian, kind. Like the Gaussian, from which the distribution was
N . o ) constructed, the von Mises-Fischer distribution is unimodal.
P (xjiz) = N(xj  (2):1s “(2)); (14) To build a distribution that is antipodal symmetric, i.e.

where and  are neural networks parametrized by P (diz) = p ( qjz), we dene a mixture of antipodal
This is a somewhat simplistic model as the Gaussian mod&fF distributions (Hauberg et al. 2016),

will assign probability mass outside the workspace of the 1

robot, i.e. physically infeasible robot states. With simplicity p (ajz) = EVMF( a  (2); (2)

in mind, we disregard this concern as we only optimize the 1 _

associated likelihood, and therefore never sample infeasible + 5YMF(qj (2); (@), (7)

states. However, if we were to use the VAE as a fully _
generative model, this likelihood should be replaced byvéhere — and  are parametrized as neural networks.

more elaborated model that accounts for physical propertiddlis mixture model is conceptually similar to a Bingham

_ g . distribution (Sra 2018), but is easier to implement
3.1.2 Quaternion encoding in S°: On a robot motion numerically.

trajectory, each position is paired with an orientation, and

together they de ne the full pose of the end-effecto|8_.1.3 Variational inference: To train the VAE, we max-
There are several representations for the end-effectdlize an adapted evidence lower bound (ELBO) Eg. (3),
orientation, for example, Euler angles, rotation matricede ned as

and unit quaternions. Euler angles and rotation matrices are

widely used for their simplicity and intuitiveness, however, -Eteo = 1bx+ 2lgq K.L(q (zix)iip(2)) ;- (18)
the former suffer from gimbal lock (Hemingway and Lx = Eq zjx) [logp (xjz)]; (19)
O'Reilly 2916_3) which makes them an inadequate orientation Lq = Eq (zjx) [logp (qjz)]; (20)
parametrization, and the latter are a redundant representation

requiring a high number of parameters. where x 2 R® and q2 S® represent the position and

Unit quaternions, on the other hand, are a convenientientation of the end-effector, respectively. The scaling
way to represent orientations since they are compafdctors ; > 0 and , > 0 balance the log-likelihood of
not redundant, and prevent gimbal locks. Also, theposition and orientation components. This approach is
provide strong stability guarantees in closed-loop orientatiamspired by the -VAE method (Higgins et al. 2017),
control (Campa and Camarillo 2008), and they hawshich, despite not yielding a valid lower bound on the
been recently exploited in complicated robotic taskSLBO objective function, has been shown to produce high-
learning (Rozo et al. 2020), and for data-ef cient roboguality results comparable to methods that provide a valid
control tuning (Jaquier et al. 2020) using Riemanniatewer bound, thus it is commonly used in practice. Due to
manifold formulations. We choose to represent orientatiotise quaternions antipodality, raw demonstration data may
g as a unit quaternion, such tha2 S* with the additional contain negative or positive values for the same orientation.
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So, we avoid any pre-processing step of the data lgmonstrations. Similarly, a new VAE architecture can be
considering two vMF distributions that encode the sanuesigned to compute a Riemannian metric from joint space
orientation at both sides of the hypersphere. Practicaljemonstrations. We use this metric to compute geodesics and
we double the training data, by including and g, for generate robot movements that resemble the demonstrations
all observationgy,. Note that as the Riemannian manifoldn joint space. This joint space approach also allows us
is learned using task space data, the model is kinematiosendow the robot with whole-body obstacle avoidance
agnostic, which means that the generated motion may t&pabilities. By using ambient metrics, we can again
used across different robots as long as the trajectoryreshape the learned metric to make the robot move away
reachable. from obstacles in an online fashion. The ambient metrics
exclusively use task space information of the obstacles and
he robot body, in contrast to classical motion planning
'at often works in the con guration space. Note that the
ata manifold learned using joint space demonstrations is

3.1.4 Induced Riemannian metric: Our generative pro-
cess is parametrized by a set of neural networks. Speci cal
and are position mean and variance neural network

parameterized by , while and are neural networks . . ; .
: kinematics-dependent, meaning that the generated motion
parameterized by that represent the mean and concentra-

tion of the quaternion distribution. Following Section 2.4, thcannot be directly transferred to other robots with different

Jacobians of these functions govern the induced Riemanma'rr]wematlcs'

metric as, 3.2.1 Variational inference: To train the joint space VAE,
we maximize a modi ed version of the evidence lower bound
M (z)= M*(z)+ M*(z)+ M 9z)+ M 9z); (21) (ELBO)Eq. (3), de ned as

with Letgo =L  KL(q(zij 0)ip(2); (26)
M*X(2)=J ()" (2); (22) with,
M*(z)=1J (z)TJ (2); (23) L = Eq @i D Iox (F ec( )izil;
Mi@)=3 ()73 (@) (24) = Eq (2 » [09(p ( jz1)) log(V)];
Miz)=J (2" (2); (25)

where p ( jzij) and px(fec( )jzi) are the estimated

wherel ,J ,J ,J arethe Jacobians of the functiongonditional densities in the joint spaceand task spack,
representing the position mean and variance, as well as fRgPectively. Alsoy is the volume measure de ned as
quaternion mean and concentration, respectively. q

In practice, we want this Riemannian metit (z) to V= (detJ ( @)t @)):  (27)
take large values in regions with little or no data, so that ) i . i
geodesics avoid passing through them. We achieve this $jJere Jrq is the Jacobian of the forward kinematics
using radial basis function (RBF) networks as our variandéx_ given the joint con guration estimated by the
representation, whose kernels reliably extrapolate over tM8E decoder . Furthermore, 2th_e generative distribution
whole space (Arvanitidis et al. 2018). Since one of the ( 1zi) = N(C (zi);1  (zi)?) is parameterized by the
main differences between Gaussian and von Mises-FisclY&{E decoder mean (zi) and variance (zi) networks.
distributions is the representation of the data dispersidhcte that the new ELBO formulation in Eq. (26) leverages
the RBF network should consider a reciprocal behaviéh€ change of variable theorem (Deisenroth et al. 2020) to
when estimating variance for positions. In summary, the ddf&nsform probability densities from joint to task space. As a

uncertainty is encoded by the RBF networks representiﬁ‘fﬁ“'t’ the VAE is still trained using task space information,
1(z) and  (z), which affect the Riemannian metric" ile the given demonstration trajectories are de ned in joint

through their corresponding Jacobians as in Eq. (21). space. This is motivated by the fact that most robot skills may
still depend on task space variables (e.g. the manipulated
3.2 Joint space R objects pose), despite the same skill is also required to imitate

L ) ~ particular robot postures.
The joint spaceR , also known ason guration spaceis  Ag we are interested in whole-body obstacle avoidance,

another space to represent robot motion trajectarlesthis e can leverage the forward kinematics model to access the
space, each trajectory point is represented as the ve&tor cartesian position of different points on the robot (e.g., joint

1 2300 ] 2 R, where is the number of degrees|gcations). Therefore, we use a set\fforward kinematic

of freedom of the robot. Learning motion skills in thisg,ctionsf EM (1) where Yisn=1;:::; elements

space i; Ifnown to be challenging as it is less 'intuitive % the joint-values vector (z), andM is the number of
provide joint-level demonstrations. However, being able {gnsidered points on the robot. Note that for certain points

learn and generate joint space movements is relevant as SgJRgne robot structure, the forward kinematics only needs a
tasks may demand speci c robot postures. Moreover, j0ifpset of the joint values. For simplicity, we considiérto

space skills can be extended to provide whole-body obstagle equal to the number of robot joints plus the end-effector
avoidance. In this context, we formulate a Riemannian robot

motion learning approach to generate collision-free joint
space movements. We did not model the robot joint space as a high-dimensional torus for

Previously, we computed a Riemann_ian metric in thgmpiicity. However, we showed that our approach can easily encode data
latent space using the VAE decoder trained on task spateriemannian manifolds as in the task space case.
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(i,e.M = +1). Then, the full forward kinematic function
f ek is de ned as,

fr( )= Pl Dt C 2 A ) T

T
= P1iiiiiPM i Pee Gee 5

where given the joint value vector" as input, all the
functions compute the corresponding positimp of them-
th point on the robot, except the last functiigff which also
provides both the positiopee and the orientatione of the
end-effector.

Furthermore, the volume measwen Eq. (27) uses the
Jacobian of the full forward kinematics function, which is
de ned as,

T
JfFK( ): ‘]pl;:::;‘JpM;‘]pee;‘JQee ;

wherel,, andJ, are the linear and angular components of
the corresponding Jacobians.

3.2.2 Induced Riemannian metric: With the new inte-
grated forward kinematic layer, we can calculate a pullback
metric that directly uses task space information. This adds an
additional step in the formulation of the Riemannian metric,
which now requires the Jacobian of the forward kinematics
Ji as well as the Jacobians of the VAE decoder
andJ , computed from the mean and variance decoder
networks. Using these two Jacobians the metric can be
de ned as,

M (2)=M @)+M (2) (28)

with, Figure 3. Top: The variance measure, bottom: The

magni cation factor of the Riemannian manifold learned from
M (2)=(Jdi( (2))3 (z))T Qi @NI (2)); trajectories based on J and C English alphabet characters

denedin R?> <. The semi-transparent white points depict
M (2)= (I (@)I ()" Qra( (2)3 (2)): the encoded training set, and the yellow curve depicts the

geodesic in the latent space. The resulting manifold is
Similarly to our Riemannian metric in task space, this nemomposed of two similar clusters due to the antipodal encoding
metric M (z) takes large values in regions with littleof the quaternions, where each cluster represents one side of
or no data so that geodesics avoid passing through theéfg. hyper-sphere. The yellow and red curves show the
Therefore, geodesic curves generated via Eq. (28) allow $f94esics computed based on Riemannian and Euclidean

L. . metrics, respectively.
to reproduce joint space robot skills. P y

4 Geodesic motion skills can nd a novel solution to a task despite that not a single
. . . demonstration provides a complete solution on its own.
As explained previously, geodesics follow the trend of th‘?his can be particularly useful in complex or dynamic

da_ta, and they are here exploited to_reconstru_ct mOt.'%rr‘lvironments where the robot needs to be able to adapt and
skills that resemble human demonstrations. In this section . -
. . o : respond to changing conditions. We elaborate on each of
we describe geodesic computation in both settings, name .
. ) 2 ése features in the sequel.

where the VAE is trained on task space or joint space
trajectories. Moreover, we explain how new geodesic pathzg, 1 G i tion:
that avoid obstacles on the y, can be obtained by metric enerating moton:
reshaping. In particular, we exploit ambient space metri€®bot motion generation techniques that leverage demon-
de ned as a function of the obstacle's con guration to locallystrations aim to replicate the demonstrated movement pat-
deform the original learned Riemannian metric. kinematic terns with a high degree of accuracy, reliability, and ef -

Last but not least, our approach can encode multipleiency. This is achieved by exploiting the demonstrations
solution skills, from which new hybrid trajectories (notas a source of information about the range of (manifold of)
previously shown to the robot) can be synthesized. Tmssible movements that the robot should perform. The robot
elaborate, a multiple-solution task requires the robot teses this information to generate similar movements on its
combine multiple demonstrated solutions, i.e. trajectoriesywn.
in order to complete it. By being able to combine multiple One way to represent the observed movement patterns
solutions to generate a mixed novel trajectory, the robotathematically is through the use of Riemannian manifolds.
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Riemannian manifolds allow us to describe data sub-spaces
(de ned by the demonstrations) within a larger space
and provide analytical tools for calculating distances and
angles within these sub-spaces. In the context of robot
motion generation, a Riemannian manifold can be used to
characterize the region of the state space covered by the
demonstrations.
In this paper, the Riemannian metrics that describe the
structure of these manifolds are highly in uenced by the data
uncertainty and they are used to nd the path between two
points on the manifold, the so-called geodesic. In the context
of Riemannian manifolds, geodesics are the curves that
minimize the distance between two points on the manifoldigure 4. As an illustration, we consider synthetic data that
It is important to keep in mind that the distance measuremeraiong to R>  S*. The left panel depicts the J-shaped position
is done on the manifold, using the distance metric of tiita in R? and the right panel shows the C-shaped orientation
physical space where the robot moves. This means tidata On_Sz-Th? yellow and red curves show the decoded
geodesics on a Riemannian manifold represent the m%g?des'c.s depicted in Fig. 3, computed according to the
. . emannian and Euclidean metrics, respectively.
ef cient paths through the space represented by the manifo ds
Given that Riemannian manifolds represent the sub-space
within which the demonstrations reside, it follows that the

geodesics are equivalent to the optimal motion trajectoried"® d€coded geodesics can be deployed on the robot using a

Speci cally, the Riemannian metrics Eq. (10) and Eq. (28_£;‘§1rtesian impe_dance controller or invers_e kinematics. In the
tell us that geodesics are penalized for crossing througﬂm space setting, the decoded geodesics can be employed
regions where the VAE predictive uncertainty grows. Thid'€Ctly on the robot as a joint trajectory reference to be
implies that if a set of demonstrations follows a circulaﬁracked by joint position or impedance controllers.
motion pattern, geodesics starting from arbitrary points on
the learned manifold will also generate a circular motion (se .

Fig. 1). This behavior is due tg the way that the meMicis( fZ Geodesics in task space R® S

de ned: Our Riemannian metribl is characterized by low |n this section, we investigate the geodesic motion generation
values where data uncertainty is low (and vice-versa). Singetask space. To illustrate the motion generation mechanism,
the geodesics minimize the energy of the curve between twe consider a simple experiment where the demonstration
points onM, which is a function oM , they tend to stay on data at each time point is con ned &2 ?, i.e. only

the learned manifold and avoid outside regions. two-dimensional positions and orientations are considered.

This property follows the common characteristics ofve arti cially create position data that follows & shape
motion generation techniques to reproduce motion learngdd orientation data that follows@shape projected on the
from demonstrations and, makes us suggest that geodesjssere (see Fig. 4). We t our VAE model to this dataset,
form a natural motion generation mechanism. Note thahd visualize the corresponding latent space in Fig. 3, where
when using a Euclidean metric (i.e., an identity matrixthe top panel shows the latent mean embeddings of the
geodesics correspond to straight lines. Such geodesigsining data with a background color corresponding to the
certainly neglect the data manifold geometry. predictive uncertainty. We see low uncertainty near the data,

Noted that geodesics do not typically follow a closedand high otherwise. The bottom panel of Fig. 3 shows the
form equation on these learned manifolds, and numericéime embedding but with a background color proportional
approximations are required. This can be done by diregtlog’ detM . This quantity, known as the magni cation
minimization of curve length (Shao et al. 2018; Kalatzifactor (Bishop et al. 1997), generally takes large values in
et al. 2020), A search (Chen et al. 2019), integration ofegions where distances are large, implying that geodesics
the associated ODE (Arvanitidis et al. 2019), or variougill try to avoid such regions. In Fig. 3, we notice that
heuristics (Chen et al. 2018). In this paper, we compufge magni cation factor is generally low, except on the
geodesics orM by approximating them by cubic splines'boundary' of the data manifold, i.e. in regions where the
c ! (z¢), withze = fzg,;:::52¢ 9, Whereze 2 Z'is  predictive variance grows. Consequently, we observe that
a vector de ning a control point of the spline over the latenRjemannian geodesics (yellow curves in the gure) stay
spaceZ. GivenK control pointsK 1 cubic polynomials within the “boundary' and hence resemble the training data
', withcoefcients i.0, i1, i;2, i3havetobe estimated patterns. In contrast, Euclidean geodesics (red curves in the
to minimize its Riemannian length, gure) fail to stay in the data manifold. Our proposal is to use

Z, these geodesics on the learned manifolds as our robot motion
Ly (zo) = H o (zo):M (U (zo)! (zo)idt:  (29) generation mechanism.
0 Note that both panels in Fig. 3 depict two distinct
The resulting geodesiccomputed inZ is used to generate horseshoe-like clusters, which is a result of the antipodality
the robot motion by decoding it through the VAE networksf the data inS>. More precisely, the bimodal distribution
and or depending on the ambient space settin@f the antipodal quaternion data is encapsulated by these two
The obtained trajectory is then executed on the robot actustersin the latent space. In practical settings, as long as the
to reproduce the required skill. In the task space settinggodesic curve does not cross across clusters (both start and
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goal points belong to the same cluster), the quaternion sigbstacles in the task space setting, where only the robot end-

is unchanged. We experimentally examine this in Section &ffector is considered. Formally, we propose to de ne the
ambient metric of the end-effector position to be

4.3 Geodesics in joint space R :

In this section, we investigate the geodesic computationM x(x)= 1+ exp
for joint space movements. We use a toy example where
a 2-DOF robot arm follows arB-shaped trajectory in task

space using two different joint con gurations (i.e., tWQ here > 0 scales the cosb 2 R® andr > O represent

different inverse-kinematics solutions), as shown in Fig. Yre position and radius of the obstacle, respectively. For

Lﬁﬁ't We obdservet';]wo sets of dgm?fnsttratlons In Jomtt SPatfe orientation component, we assume a at ambient metric
at reproduce the same end-efiector movements w nq(x): [ 4. Under this new ambient metric, geodesics will

. . . X
qpplled o the ropot. We can also. see in the m'd‘?“e a nerally avoid the obstacle, though we emphasize this is
right panels of Fig. 5 the geodesics computed using t

- : ) . . ?\y a soft constraint. This approach is similar in spirit to
Riemannian and Euclidean metrics, depicted as blue and domp (Ratliff et al. 2009) except our formulation works

curves, respectwely. The backgr_ound of the middle Pan&iong a low-dimensional learned manifold, whose solution is
illustrates the predictive uncertainty over the latent spage

7 wh . | . he d (%n decoded to the task space of the robot.
, where we again see low uncertainty near the data, anqnqer this ambient metric, the associated (reshaped)

high otherwise. For completeness, the background in tﬁ‘?emannian metric of the latent spatdecomes
right panel illustrates the magni cation factor. The latent '

mean embedding of the training data is depicted as semip (z)= M *(z)+ M *(z)+ M 9(z)+ M 9(z); (31)
transparent white points. Similar to the previous section, the
geodesics generated using the Riemannian metric stay within

k x ok?

T l3; x 2 RS

(30)

the “boundary' near the training data. with M*(z)=J @)'ME( () (2);
Furthermore, it is easy to note that the learned manifold X () — Th X .

' M?*(z)=J3 (z)'M z))J (2);

comprises two clusters, but unlike the previous task space (2) ( )T 2( (2)3 (@)
example, these clusters arise from the two different joint Miz)=J3 (@) Mx( @)J (2);
space solutions provided in the training data. This indicates MAz)=J (2)™™M JC (@2Nd (2);

that the clusters in the learned manifold encapsulate the
provided solutions in the demonstrations. When the numbehereM £ andM { represent the position and orientation
of clusters grows, the geodesic has a higher chance to tras@inponents of the obstacle-avoidance mettig , respec-
among them to nd a path with minimal energy as the highively. We emphasize that as the object changes position,
energy regions may become narrow. However, unnecesstiry VAE does not need to be re-trained as the change is
frequent switching among these clusters may often leaddaly in the ambient metric. As stated before, obstacles can
jerky geodesics, therefore negatively impacting the geodesiies avoided only by the end-effector under this task space
quality, particularly in robots with a high degree of freedonsetting.
(e.g. DOF 7). Later in Section 5, we experimentally show In the multiple-limb obstacle avoidance setting, rather
that this issue can be alleviated by increasing the latent spdlcan just using the end effector, the entire body of the
dimensionality. robot is taken into account. This technique takes advantage
of redundant solutions in joint space to nd a robot
4.4 Obstacle avoidance using ambient space  con guration that avoids collisions. This is useful in
metrics situations where the end effector may be safe from an

: . . opstacle, but other parts of the robot's body (such as its links)
Often human demonstrations do not include any notion 8Ee in danger of colliding with the obstacle. By providing

obstacles in the environment. Therefore, obstacle avomar}ﬁﬁltiple solutions in joint space during the demonstration

is usually treated as a separate problem when generatf)l?%se' the robot can choose a con guration that avoids the

robot_ mot|c_)ns in_unstructured enV|.ronmentsl. A poss"bgbstacle and continue with its task. In cases where the
solution to integrate both problems is to provide obstacleﬁl—

d trati h th bot i licitly t monstrations do not provide joint space solutions, a variety
aware demonstrations, where ne robot Is expicity .auQOFobstacle avoidance techniques can be used to move the
how to avoid known obstacles. The main drawback is thf:;\

o . obot away from obstacles.
the robot is still unable to avoid unseen obstacles on the . There are a variety of methods to incorporate obstacle

thi(s)urrcl):\;IeerrT'r]wan'IE]r;znl:gr%rggcmhert)rri(():\g?rfsla?eZ?tgriczogno?l oidance into robotic systems. One commonly employed
b ' b 9. ethod is to utilize an off-the-shelf obstacle avoidance

e o a1 ot S ety oo a5 post processig of he generated ecory
modify this to account for unseen and dynamic obstacl Lhis appro_ach involves  rst g(_aneratlng a t_ra]ectory, and
- . . Shen applying an obstacle avoidance technique to prevent
Intuitively, we can increase the length of curves thatmtersecc llisions with obstacles present in the environment. This
obstacles, such that geodesics are less likely to go near th :

Next, we explain how obstacle avoidance can be achieved r'[hOd can be relatively straightforward to implement and
' P . . rﬂay effectively avoid obstacles. However, it can also lead to
both task space and joint space settings.

deviation from the intended motion and may not accurately
4.4.1 Obstacle avoidance in task space R® S%: Here re ect the demonstrations. It is worth noting that obstacle
we explain how we can reshape the learned metric to ava@doidance techniques that operate in joint space are often
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Figure 5. lllustration of joint space motion generation via geodesics. Left: S-shaped joint space demonstrations. Middle: the
resulting variance measure. Right: The magni cation factor of the learned Riemannian manifold. The semi-transparent white points
depict the encoded training set and the blue curve represents the geodesic in the latent space. The resulting manifold is composed
of two similar clusters due to the two different inverse-kinematics solutions for the task. The blue and red curves show the
geodesics computed based on Riemannian and Euclidean metrics, respectively.

computationally intensive. Furthermore, this method cannot

be applied in the latent space, as the obstacle avoidance
technique must have knowledge of geometry and be able to
generate trajectories on the manifold.

The technique that will be outlined in the following
section offers a capability for ef cient and effective obstacle
avoidance for multiple limbs, without reliance on additional
obstacle avoidance techniques.

4.4.2 Obstacle avoidance in joint space R : Avoiding

obstacles at the robot link level while performing motion

skills requires considering the whole robot's kinematic

structure. Classical motion planning methods model the

geometry of the obstacles into the con guration space

and later compute an obstacle-free path via sampling

methods (Elbanhawi and Simic 2014). In contrast, we take

advantage of the forward kinematics layer (see Fig. Eigure 6. Top: The VAE architecture under the task space

bottom), which provides us with task space poses of afl tting. The blue, orange, green, and gray blocks correspond to
’ armbient spaces, functions with trainable parameters, latent

pOIﬂF on the r(_)bOt k_’o‘?'y’ to compute an ObStaC|e'aV0|d6_m\9§riables, and functions with xed parameters. The arrows
ambient metric. Similar to the task space formulatiopgicate the direction in which the data ows during the query.

presented previously, this ambient metric is then exploited 8attom: The architecture of the VAE under the joint space
reshape the learned metric and generate modi ed geodesiting.
curves that produce collision-free robot movements.

Speci cally, we need to de ne a collection of points onyth,
the robot bodyp1;:::;pm With pm 2 R3. These points are
thendused to compute tEe ar];nbient Ispace mcl-:itric for ofbstacIeA (2) = (Je (. )I (z))T Mx (Jia( ) (2);
avoidance purposes. Therefore, a larger collection of point _ T )
provides a more robust obstacle-avoidance performance al (2)= el ) (2) MxQra )3 (2):
the cost of higher computational complexity. Given the set
of points of interest, we compute an associated ambie¢hf-3 Generating geodesics on discrete manifolds: To
metric following Eqg. (30) withx = pm. Similar to the generate robot motion, our approach requires computing
task space setting, since the orientation of obstacles is f§edesics, which can be done in several ways @eyal.
considered, the corresponding ambient space metric is 4ht0)- While this can be computed by solving an ordinary
identity matrix. Finally, we form the whole ambient metricdifferential equation, this approach may not be suitable for
asMx = blockdiag( M £*;M £2: M PV ) which is real-.t|m(.e robot|.c appllpatlons dye to its cqr_nputatlonal cost,
then used to reshape the learned metric of Eq. (28) as, @S highlighted in previous studies (Arvanitidis et al. 2019).
A commonly used alternative is to employ gradient descent
to minimize the curve length (Noakes and Zhang 2022).
M((z)=M (2)+ M (2); (32) While this approach is straightforward and effective in some
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