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We present a soundness and completeness proof of a natural deduction calculus for
first-order logic, formalized in the interactive proof assistant Isabelle/HOL [1].

Our formalization is based on previous work by Stefan Berghofer [2]. The proof
formalized by Berghofer uses Hintikka sets and only considers completeness for closed
formulas [3]. We build on this proof to cover formulas with free variables via the
following steps. First we universally close the formula, obtaining a derivation of its
closure. Since we consider entailment in general we turn any judgment premises into
implications as part of this. Then we eliminate each added quantifier with a fresh
constant using the universal elimination rule from the calculus. Thereafter we use our
own admissible rule to substitute the original variables for the fresh constants. Finally
we show that the premises can always be weakened and use this to turn the implications
back into premises, obtaining a derivation of the original formula.

We eliminate the universal closure with fresh constants instead of the free variables
directly because we represent variables with de Bruijn indices; this makes reasoning
about a chain of substitutions for free variables tricky, as each new substitution adjusts
the variables from the previous ones.

Furthermore, we have updated Berghofer’s formalization to use Isabelle’s declarative
proof style Isar [4]. Our formalization is available online.

URL Address: https://bitbucket.org/isafol/isafol/src/master/FOL_Berghofer/.

A further development of the calculus is used for teaching at DTU [5].
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