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Inverse Problems

• Inverse problem formulation 
                                              


➡  is the measurement


➡  is the unknown true parameters


➡  is the parameter to observation map


➡  is the additive noise

b = F(y) + e

b ∈ ℝm

y ∈ ℝn

F : ℝn → ℝm

e ∈ ℝm



Quantity of Interest in an Inverse Problem
CT: optimal design:

A. Attia, et al. (2018) 

de-blurring:



Goal-Oriented Inverse Problems (goIP)

• Quantity of interest (according to the current literature):


- maximum, minimum, average, integral, …


- Not even well-defined, e.g. expert’s opinion


• In many applications we are only interested in QoI 

                                              


➡  prediction operator


➡  is low dimensional, 

b = F(y) + e
x = G(y)

G : ℝn → ℝq

x dim(x) ≪ dim(y)



Latent Variables

• Suppose that we we find a hidden random variable  that describes : 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Latent variables and Inverse Problems

• Now suppose that we have an observation b

XZB de

π(Z |B) π(X |Z, B)

ATTN: Since  is an approximation, we cannot ensure that  d
π(X |Z, B) = π(X |B)



Bayesian Assumption

• We assume that  parameterizes  such that  and  are indistinguishable to 
, i.e., 

 
                                      

Z X X Z
B

π(B |X) = π(B |X, Z) = π(B |Z)



Bayesian Assumption and the Latent Variable

• Proposition: 
 

                      π(X |B, Z) =
π(Z |X)
π(Z |B)

π(X |B)

XZB

• Proposition: 
 

                      π(X |B, Z) =
π(Z |X)
π(Z |B)

parameterization bias

π(X |B)

e d



Variation Encoder-Decoders

• Encoder-Decoder networks: 
 
 
 
 
 
 
 

• Loss function: 
                          ℒ(b, x |e, d) = DKL(πd(Z |X) | |πe(Z |B))

e db

z

x



Simplification of the Loss

• Proposition (simplified): 
                 ℒ(b, x |e, d) = DKL(π(Z |B) | |𝒩(0,1)) + 𝔼 λ∥x − x̄∥2

2

e db

z

x

π(Z |B)



Example
Deterministic X-ray CT

• Edge preserving reconstruction: 
 
 
 
y(x) = argmin∥F(y) − b∥2

2 + x∥Dy∥1

y b

BMA, M&J Chung [2021]: Learning regularization parameters of inverse problems via 
deep neural networks



Training VEDs for the X-ray CT

• Training data: Randomized Shepp-Logan phantoms. 
[M. Chung]


•  is obtained through a bi-level optimization problem.


•  data points


• Fixed forward problem.


• Training over  epochs.
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Results
Uncertain view angles



Resutls
Out-of-prior sample

• The Walnut phantom: 
[FIPS, 2015]



Example

x

z

x

y

Hydraulic Tomography



Hydraulic Tomography problem
Mathematical model

• Mathematical model for the Hydraulic head 
                                  
and 
                                  

∇ ⋅ (κ∇h) = qiδ(xwell
i )

κ∇h(x) ⋅ n = 0 x  on top
h = 0 x not on top



Hydraulic Tomography problem
Prior model - levelset prior

• We assume there is an underlying Gaussian random function: 
 
                                      ,     
where 

• The Porosity parameter  is then piecewise constant with 

                       

X ∼ (0,C) C = (σI + Δ)2

κ
κ =

c+

2
(1 + sign(X)) +

c−

2
(1 − sign(X))



Goal

• We can expand  in the basis of Eigen vectors of : 
 

                                               


• The goal is to recover the first  coefficients, i.e. 

X C

X =
∞

∑
i=1

xi λiei

q x1, …, xq

Hydraulic Tomography problem



Training VED network

• We collect  data  from the prior


• We have a fully-connected feed-forward (3 hidden layers) encoder and 
decoder (1 hidden layer)


• True conductivity is out of prior


• Comparing with MCMC with  
samples.

104 {b, x}

106

Hydraulic Tomography problem
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<latexit sha1_base64="lgpPMAkqyaC1f7RHrI5y9mwBJzM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxYOHKqYtpKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQasPBh7vzTAzL0wF1+g4X1ZpaXllda28XtnY3Nreqe7utXSSKQYeS0SiOiHVILgEDzkK6KQKaBwKaIejq6nffgCleSLvcZxCENOB5BFnFI3kdxEeMb+DG2/Sq9acujOD/Ze4BamRAs1e9bPbT1gWg0QmqNa+66QY5FQhZwImlW6mIaVsRAfgGyppDDrIZydP7COj9O0oUaYk2jP150ROY63HcWg6Y4pDvehNxf88P8PoIsi5TDMEyeaLokzYmNjT/+0+V8BQjA2hTHFzq82GVFGGJqWKCcFdfPkvaZ3U3bO6e3taa1wWcZTJATkkx8Ql56RBrkmTeISRhDyRF/JqofVsvVnv89aSVczsk1+wPr4Bde6RXw==</latexit>

ReLU

<latexit sha1_base64="lgpPMAkqyaC1f7RHrI5y9mwBJzM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxYOHKqYtpKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQasPBh7vzTAzL0wF1+g4X1ZpaXllda28XtnY3Nreqe7utXSSKQYeS0SiOiHVILgEDzkK6KQKaBwKaIejq6nffgCleSLvcZxCENOB5BFnFI3kdxEeMb+DG2/Sq9acujOD/Ze4BamRAs1e9bPbT1gWg0QmqNa+66QY5FQhZwImlW6mIaVsRAfgGyppDDrIZydP7COj9O0oUaYk2jP150ROY63HcWg6Y4pDvehNxf88P8PoIsi5TDMEyeaLokzYmNjT/+0+V8BQjA2hTHFzq82GVFGGJqWKCcFdfPkvaZ3U3bO6e3taa1wWcZTJATkkx8Ql56RBrkmTeISRhDyRF/JqofVsvVnv89aSVczsk1+wPr4Bde6RXw==</latexit>

ReLU
<latexit sha1_base64="6ImKP8Un0mzouOmerzt2JGySHBA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIqMeiF48V7Ac0sWw223bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APqy2dZwqylo0FrHqBkQzwSPWAg6CdRPFiAwE6wTj25nfeWJK8zh6gGnCfEmGER9wSsBIfbvqJTLAnkwfMw/YBHCY9+2aU3fmwKvELUgNFWj27S8vjGkqWQRUEK17rpOAnxEFnAqWV7xUs4TQMRmynqERkUz72fz2HJ8aJcSDWJmKAM/V3xMZkVpPZWA6JYGRXvZm4n9eL4XBtZ/xKEmBRXSxaJAKDDGeBYFDrhgFMTWEUMXNrZiOiCIUTFwVE4K7/PIqaZ/X3cu6e39Ra9wUcZTRMTpBZ8hFV6iB7lATtRBFE/SMXtGblVsv1rv1sWgtWcXMEfoD6/MH43GUWQ==</latexit>

µµµd

<latexit sha1_base64="yHo7dIse1WlMeSHwNs1tpwu+aP8=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVERD0WvXisYD+giWWz2bRLd5OwOxFLKPhXvHhQxKu/w5v/xm2bg7Y+GHi8N8PMvCAVXIPjfFulpeWV1bXyemVjc2t7x97da+kkU5Q1aSIS1QmIZoLHrAkcBOukihEZCNYOhtcTv/3AlOZJfAejlPmS9GMecUrASD37wEtlgD3N+5Lc5x6wR8DhuGdXnZozBV4kbkGqqECjZ395YUIzyWKggmjddZ0U/Jwo4FSwccXLNEsJHZI+6xoaE8m0n0/PH+Njo4Q4SpSpGPBU/T2RE6n1SAamUxIY6HlvIv7ndTOILv2cx2kGLKazRVEmMCR4kgUOuWIUxMgQQhU3t2I6IIpQMIlVTAju/MuLpHVac89r7u1ZtX5VxFFGh+gInSAXXaA6ukEN1EQU5egZvaI368l6sd6tj1lrySpm9tEfWJ8/ND+Vpg==</latexit>

���d

<latexit sha1_base64="d0kpwpodaiorA5YMU4UzG+ZH8ek=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8mkmTY0jyHJCGXoV7hxoYhbP8edf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2oyhGUb9a8+v+DGiZBAWpQYFmv/rVGyiSCiot4diYbuAnNsywtoxwOq30UkMTTMZ4SLuOSiyoCbNZ4Ck6ccoAxUq7Jy2aqb83MiyMmYjITeYBzaKXi/953dTGV2HGZJJaKsn8ozjlyCqUX48GTFNi+cQRTDRzWREZYY2JdR1VXAnB4snLpH1WDy7qwd15rXFd1FGGIziGUwjgEhpwC01oAQEBz/AKb572Xrx372M+WvKKnUP4A+/zB21akCo=</latexit>

b

<latexit sha1_base64="lgpPMAkqyaC1f7RHrI5y9mwBJzM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxYOHKqYtpKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQasPBh7vzTAzL0wF1+g4X1ZpaXllda28XtnY3Nreqe7utXSSKQYeS0SiOiHVILgEDzkK6KQKaBwKaIejq6nffgCleSLvcZxCENOB5BFnFI3kdxEeMb+DG2/Sq9acujOD/Ze4BamRAs1e9bPbT1gWg0QmqNa+66QY5FQhZwImlW6mIaVsRAfgGyppDDrIZydP7COj9O0oUaYk2jP150ROY63HcWg6Y4pDvehNxf88P8PoIsi5TDMEyeaLokzYmNjT/+0+V8BQjA2hTHFzq82GVFGGJqWKCcFdfPkvaZ3U3bO6e3taa1wWcZTJATkkx8Ql56RBrkmTeISRhDyRF/JqofVsvVnv89aSVczsk1+wPr4Bde6RXw==</latexit>

ReLU



Results
Comparing to pCN-MCMC

• Samples from the posterior:



Results
Comparing to pCN-MCMC

• Mean and variance of the posterior
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Comparing to MCMC
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Conclusions:

• Efficient tool for UQ for inverse problem.


• We can achieve UQ for deterministic problems using data.


• Can we use sampling data to train a network?


• Unlocking larger dimensions
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