
UEF// University of Eastern Finland

The 28th Inverse Days in Kuopio
December 12–16 2022

Registration
• Early bird: September 30
• Final: October 30.

https://sites.uef.fi/inversedays2022

Registration
• Early bird: September 30
• Final: October 30.

https://sites.uef.fi/inversedays2022

on the occasion of 60th birthday 
of Professor Jari Kaipio



UEF// University of Eastern Finland

Recovery from modelling errors in non-

stationary inverse problems

Aku Seppänen1, Elias Vänskä1, Outi Kurri1, Antti Voss1, Aki Pulkkinen1, Jari P. Kaipio1, 
Antti Lipponen2, Damien Weidmann 3,4

1 University of Eastern Finland, Department of Applied Physics, Kuopio, Finland
2 Finnish Meteorological Institute, Kuopio, Finland

3 Rutherford Appleton Laboratory, Space Science Department, Harwell Campus, UK
4 MIRICO Ltd, UK



UEF// University of Eastern Finland

Outline
▪ Non-stationary inverse problems & 

state estimation
▪ Convection-diffusion problems
▪ Bayesian approximation error 

method in non-stationary inversion
▪ Application 1: Industrial process 

tomography
▪ Application 2: Greenhouse gas 

emission/balance monitoring



UEF// University of Eastern Finland

Bayesian State estimation

(Posterior) estimate at time t
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Bayesian State estimation

Prediction for time t+1
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Bayesian State estimation

Observation at time t+1: likelihood
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Bayesian State estimation

Posterior at time t+1 = 
prediction x likelihood



UEF// University of Eastern Finland

Bayesian state estimation

▪ The state-space system 

▪ State estimation problem(s):

▪ Given a sequence of measurements y1,…,yk, form the 
conditional probability density of θt

p (θt  | y1,…,yk) ≈ N(θt|k , Γt|k)

k < t: Prediction
k = t: Filtering
k > t: smoothing 

▪ If:

(If we make Gaussian 
approximations) 

(Evolution model) 

(Observation model)
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Bayesian state estimation

Extended Kalman filter (EKF)

…and Kalman smoother

For t = 1,…,T

For t = T-1,…,1

Predic-
tion

Measure-
ment
update

Backward recursion
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Convection-diffusion (inverse) problems
1.   Industrial process tomography

Convection Diffusion

Convection Diffusion Gas emission rate

2.   Greenhouse gas emission monitoring

▪ Measurements: Electrical impedance tomography
▪ Evolution model: convection-diffusion eq.

▪ Measurements: Laser dispersion spectroscopy (& tomography)
▪ Evolution model: convection-diffusion eq.
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Evolution: convection-diffusion model
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Electrical impedance tomography
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Electrical impedance tomography
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Electrical impedance tomography: 
State estimation

(Videos removed from the pdf-version, snapshots only)
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Stationary reconstructions vs. state estimates

Stationary 
MAP 
estimate, 
smoothness 
prior

State 
estimates

(Lipponen et al 2011)
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Notes
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State estimate without and with accounting for 
the modeling errors

(Lipponen et al 2011)

(Videos removed from the pdf-version, snapshots only)

Without
accounting
for the
modeling
errors

With
accounting
for the
modeling
errors
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Modeling of uncertainties
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Uncertainties of the observation model
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Uncertainties of the evolution model
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State estimation problem
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Process tomography: recovery from 
uncertainties of the velocity field

(Videos 
removed 

from the pdf-
version, 

snapshots 
only)
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Stationary flow approximation, no error 
models included

(Videos removed from the pdf-version, snapshots only)
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Approximation error modeling approach

(Videos removed from the pdf-version, snapshots only)
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Dual estimation of concentration and velocity
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Dual estimation – basis functions for the 
velocity
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Dual estimation of concentration and velocity

(Videos removed from the pdf-version, snapshots only)
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Gas emission monitoring

▪ Measurement system produced by MIRICO Ltd
▪ Application: Monitoring of greenhouse gas emissions (carbon dioxide, methane, etc)
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Estimation problem

▪ Sequential measurements (t = 0,…,T)
▪ Laser dispersion measurements yt -> line-

integrals of concentration c(x,t)
▪ Wind velocity (speed and direction) v(x,t)

▪ State estimation problem
▪ Estimate the (spatially and temporally 

varying) concentration c(x,t) and the gas 
emission rate S(x,t)

▪ Bayesian state estimation, based on
▪ Measurement model (line-integrals)
▪ Evolution model (convection-diffusion 

equation)
▪ Kalman filtering/smoothing

Limited angle tomography
problem …

+ Currently, we measure wind 
velocity only in a single point… 
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Evolution model: convection-diffusion equation

▪ Convection-diffusion equation

▪ Stochastic modelling of ct and at (discrete counterparts of c(x,t) and S(x,t))

Convection Diffusion Gas emission rate

▪ Unknowns in the model
c(x,t) and S(x,t)

(FEM approximation of the CD model)

(2nd order Markov model promoting 
spatial and temporal smoothness)
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Evolution model

▪ Augmented state variable:

▪ Evolution model in terms of this state variable
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Observation model

▪ Observations yt: line-integrals of c(x,t)

yt = Hct + vt

= H · + vt
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Field test, experimental setup
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State estimation, example

▪ True source location?

▪ Weighted temporal average 
of the emission rate

(Animation removed from the 
pdf-version, snapshots only)
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More test cases
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3D modeling
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3D reconstruction & uncertainty quantification

▪ Left column: 
reconstructed 3D 
concentration.

▪ Right column 95 % 
credibility interval 
width.

(Elias Vänskä, MSc 
thesis, UEF, 2022)
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Modeling errors
▪ Uncertainties in 

the wind field

▪ Approximation of 
the evolution using 
a single-gas model 
(CD model)
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Effect of uncertainty in the wind field

(Outi Kurri, MSc thesis, UEF, 2022)

True concentration, conventional estimate and its 
95% credible interval width, error enhanced estimate 
and its 95% credible inteval width.

Time-average emission rates (left column) and 
corresponding 95% credible interval widths (right 
column). Conventional and error enhanced estimate
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New application: Monitoring effects of farming management on 

the greenhouse gas balance in agriculture

New application: Monitoring effects of farming management on 

the greenhouse gas balance in agriculture
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Diffuse source case (numerical simulation)

(Animations removed from the 
pdf-version, snapshots only)
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Diffuse source case (numerical simulation)
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Summary

▪ Convection-diffusion problems
▪ Sequential measurements
▪ Bayesian state estimation
▪ Application 1: Process tomography
▪ Application 2: Greenhouse gas emission/balance monitoring
▪ Approximation error modeling
▪ Uncertainty quantification
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