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Sparsity

{x | xi = 0, i ∈ I}

{x | xi − xi+1 = 0, i ∈ I}

The importance of
low-dimensional subspaces
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Deterministic setting
Ingredients:
• True signal: x0 ∈ Rn

• Linear forward operator: A : Rn → Rm

• Noisy measurements: b = Ax0 + e with e ∼ N (0, λ−1I)

Solve:

argmin
x∈Rn

λ

2 ∥Ax − b∥2
2 +



δ
2∥Dx∥2

2 (Tikhonov)
γ∥Lx∥1 (Sparsity/TV)
γ

∑
i ∥Lix∥2 (Group Lasso/TV)

χC(x) (Constraints)

This talk: argmin
x∈Rn

λ

2 ∥Ax − b∥2
2 + γ∥Lx∥1 + χC(x)
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Bayesian setting

Ingredients:
• Likelihood: π(b|x) ∝ exp

(
− λ

2 ∥Ax − b∥2
2
)

• Prior: π(x) ∝ 1C(x) exp (−γ∥Lx∥1)
• Posterior: π(x|b) ∝ 1C(x) exp

(
− λ

2 ∥Ax − b∥2
2 − γ∥Lx∥1

)
MAP estimate: argmax

x∈Rn
π(x|b) = argmin

x∈Rn

λ

2 ∥Ax − b∥2
2 + γ∥Lx∥1 + χC(x)

The MAP estimate can be sparse, but
the posterior π(x|b) assigns zero probability to sparse vectors.

This talk: A method to bring the deterministic regularization effects into a Bayesian
setting.
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Sampling Gaussian posteriors

Gaussian posterior: π(x|b) ∝ exp
(
−λ

2 ∥Ax − b∥2
2 − δ

2∥Dx∥2
2

)
Samples from this posterior can be obtained by solving

argmin
x

λ

2 ∥Ax − b̂∥2
2 + δ

2∥Dx − ĉ∥2
2,

with b̂ ∼ N (b, λ−1I) and ĉ ∼ N (0, δ−1I).

What if we add regularization and/or constraints?
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Regularized Gaussians

Formulation one: Reguralized Gaussian posterior
Define a new posterior distribution by

x | b := argmin
x∈Rn

λ

2 ∥Ax − b̂∥2
2 + δ

2∥Dx − ĉ∥2
2 + f(x), with b̂ ∼ N (b, λ−1I) and ĉ ∼ N (0, δ−1I).

Formulation two: Proximal post-processed posterior
Obtain a sample x⋆ from the unregularized posterior and apply the oblique proximal

proxΣ−1
f (x⋆) := argmin

x∈Rn
∥x − x⋆∥2

Σ−1 + f(x), with Σ−1 = λAT A + δDT D.
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Example - Constrained
If f(x) = χC(x), then proxΣ−1

f (x⋆) = ΠΣ−1
C (x⋆) is an oblique projection.

ΠI
C(x⋆) := argmin

x∈C
∥x − x⋆∥2

2 or ΠΣ−1
C (x⋆) := argmin

x∈C
∥x − x⋆∥2

Σ−1

ΠI
C

C

ΠΣ−1
C

C
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Deblurring example
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Deblurring example

Componentwise median with 95% credibility bands
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Example - Nonnegative Total Variation

f(x) = |x2 − x1| + χR2
+

(x)
Unregularized domain Regularized domain

proxΣ−1
f
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Low-dimensional structure

f(x) = |x2 − x1| + χR2
+

(x) = ∥Lx∥1 + χC(x)

dom(f)

F1 F2

F3 F4

F5 F6

proxΣ−1
f (x⋆):

• has positive probability on each face of C,
• has positive probability on sets of vectors that are

sparse in Lx.

But,
• it has no density with respect to the Lebesgue

measure,
• can currently only sample by solving the

optimization problem.
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Numerical example: 1D deblurring

12 DTU Compute Sparse Bayesian Inference with Regularized Gaussians 30.9.2022



Numerical example: deblurring

Five samples from an unregularized posterior (left) and a regularized posterior (right).
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Conditional prior

f(x) = ∥Lx∥1 + χC(x)

dom(f)

F1 F2

F3 F4

F5 F6

Probability distribution satisfies:

π(x | b, Fj) ∝ exp
(

−λ

2 ∥Ax − b∥2
2 − δ

2∥Dx∥2
2 − f(x)

)
.

Conditional prior:

π(x | Fi) ∝ π(x | b, Fi)
π(b | x, Fi)

∝ exp
(

−1
2∥Dx∥2

2 − f(x)
)

.
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Hierarchical model

x | b, λ, δ := argmin
x∈Rn

λ

2 ∥Ax − b̂∥2
2 + δ

2∥Dx − ĉ∥2
2 + χRn

+
(x),

with b̂ ∼ N (b, λ−1I) and ĉ ∼ N (0, δ−1I).

Add hyperpriors:

π(λ) ∝ λαλ−1 exp(−βλλ), for λ > 0 and
π(δ) ∝ δαδ−1 exp(−βδδ), for δ > 0,
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Gibbs sampler

f(x) = χRn
+

(x)

Input: x0, αλ, βλ, αδ, αλ, kmax
for k = 1 to kmax do

Compute (λk, δk) ∼ π(λ, δ | x, b) as follows:
λk ∼ Γ

(
m/2 + αλ, 1

2∥Axk−1 − b∥2
2 + βλ

)
,

δk ∼ Γ
(
∥x∥0/2 + αδ, 1

2∥Lxk−1∥2
2 + βδ

)
.

Compute xk ∼ πx|b,λk,δk .
end for
return {(xk, λk, δk)}k=1,...,kmax
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Numerical example: nonnegative CT
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Numerical example: nonnegative CT
Componentwise median
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Numerical example: nonnegative CT

Componentwise width of 95% credibility intervals

0 20 40 60 80

0

20

40

60

80

Unconstrained

0.102

0.103

0.104

0.105

0.106

0.107

0.108

0.109

0 20 40 60 80

0

20

40

60

80

Nonnegativity

0.00

0.02

0.04

0.06

0.08

0.10

0 20 40 60 80

0

20

40

60

80

Difference (unconstrained - nonnegativity)

0.100

0.075

0.050

0.025

0.000

0.025

0.050

0.075

0.100

19 DTU Compute Sparse Bayesian Inference with Regularized Gaussians 30.9.2022



Other regularization functions
?

γ
∑

i ∥Lix∥p

Polyhedral epigraph

χ[0,1]n(x) γ∥Lx − c∥1

maxi{aT
i x + bi}

Polyhedral cone epigraph

χRn
+

(x) γ∥Lx∥1
maxi{aT

i x}

Positive probability on subspaces

Conditional prior

Gibbs sampler for a hierarchical model
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Conclusions and future work

Pros
• Posterior distribution with sparsity structure.
• Sample using existing methods from optimization theory.

Cons
• Solving an optimization problem accurately per sample is expensive.
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