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1 Introduction

The challenge of recovering statistical informa-
tion about an unknown, uncertain source from
iIndirect and noisy observations is addressed within
a mathematical modeling framework. The study
focuses on an inverse source problem for differen-
tial operators involving high powers of the Lapla-
clan. [ he source 1s modeled as a stochastic pro-
cess, and explicit formulas are derived to recon-
struct 1ts mean and variance. Stability to noise Is
established, and the method I1s validated numeri-
cally.

2 Problem Setup

Source Term
w(x) + o(x)Wx)
ue CQ): Mean, 0% e C¥(€): Variance
W (x): White Noise

Forward Operator
(A + X C(=DN)F) ux, N\
Sk € N, Ci > 0
A € R\{0}

‘Solution
U(X, \)

Boundary Measurements
Uy = (—A)KU\aQ, £=0,..., maxy S — 1

Goal
Reconstruct u(x) and o(x)

3 Remark

Under the chosen boundary conditions, the solu-
tion exists, 1s unique, and admits the representa-
tion

dy + | O~y N o) dW,

U, N) = o X -y N i)

CU

where ®(x — y, A) is the Green's function (funda-
mental solution) of the operator. The first term
Is deterministic, while the second I1s a stochastic
integral driven

4 Method and Reconstruction Formulas

For x e 2 «c R"and j = 1...ox, S = maxy Sk
consider

N
(N + Y e(=D)y™)ujx, Nj) = w(x) + o)W (x),
k=1

with our measurement when x e o€

(—A)euj(x, N)=Ujex, A\j) forall £=0,..., s—1

1. Multiply the main equation by ¢, and integrate
over {2 < R" where {qu}j‘il are the eigenfunc-
tions of —A

2. Use

Sk

(=D)*u, Gpreq) = le [<<A>5“’u, o (=D Do)

— ()T, au (A)SkdU>L2(aQ)] U, (D)%) aq)
We get:
N Sy
<f, ¢j>L2(Q) = Z Ck K' <Uj Si— a1/<b1'>L2(&S2)
k=1 d=1

Expression of 1 (x)

S

=1 k=1 d=1
J data

N
— Z [ 2 Ci Z K7_1<yj,5k—q’, 51/¢J'>L2(8Q)]¢J'(X)

Expression of (i(x)

N
poo = N[ 3 3 akf EU;s-

d) av¢j>L2(aQ)]¢j(X)

Expression of o°(x)
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b Stability Estimates

Assume

) [t(UJ(,lSi—d - U@—c/)]2 <S<w
-1

J:Sk

and r =2s +5 +€ -1

S

N sk
> = ¢ m D @
Hﬂl—,UJQHB( S y C 4(Uj,sk d_UJ Sk—

8

and for S < 7 + 1 where S = max sk
2 2 2 2
|01(X) = 05Xl 2q) < D* <
where D = o, - (%= 45 ) and g5 Is a constant and (()

Is the Riemann zeta function.

6 Numerical Example (1D Case)

We solve a numerical example in one dimension where

the equation takes the form:
(Nl —Du=1(x), In(01 <R,

with eigenvalues X\, = —j*m and the following bound-
ary conditions:

|
:\

S
||

< VA 0(0),
VIA

u(l).

We get

0 N Sk
0%(x) = ) [ > > i Var ((Uj s,

J=1L k=1d=1

¢ o))

(k,d)=(k',d")

r Y o RS Cov ((Ujs—dn vy ) (Ujsman avd) ) ]cbf-(X)
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