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Gaussian priors
Ingredients:
• Forward operator A ∈ Rm×n

• Signal x0 ∈ Rn

• Noisy measurements b = Ax0 + e

• with noise e ∼ N (0, Σe)

Explicit Bayesian approach:

π(x|b)︸ ︷︷ ︸
posterior

∝ π(b|x)︸ ︷︷ ︸
likelihood

π(x)︸ ︷︷ ︸
prior

• likelihood: π(b|x) ∝ exp
(

− 1
2 ∥Ax − b∥2

Σ−1
e

)
• Gaussian prior: π(x) ∝ exp

(
− 1

2 ∥x − µ∥2
Σ−1

x

)
Massive Advantage:
Posterior is a Gaussian → efficient sampling

x|b = argmin
z∈Rn

{1
2∥Az − b̂∥2

Σ−1
e

+ 1
2∥z − µ̂∥2

Σ−1
x

}
,

with b̂ ∼ N (b, Σe) and µ̂ ∼ N (µ, Σx).

Disadvantage:
• No sparsity
• No constraints
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Conditional Gaussian priors

Bayesian hierarchical approach:

π(x, θ|b)︸ ︷︷ ︸
posterior

∝ π(b|x)︸ ︷︷ ︸
likelihood

π(x|θ)π(θ)︸ ︷︷ ︸
prior

• Cond. Gaussian prior:
π(x|θ) ∝ exp

(
− 1

2 ∥x − µ(θ)∥2
Σ−1

x (θ)

)
b ∈ Rm x ∈ Rn θ ∈ Rk

Advantage:
• Efficient sampling of π(x|b, θ)
• Compressibility (approximately sparse)

Disadvantage:
• No constraints
• Compressibility requires large hierarchical model

(k ≳ n)
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Example of conditional Gaussian model

Horseshoe/shrinkage model:

• b|x, λ ∼ N (Ax, λ−1Σe)
• x|τ2, w2 ∼ N (0, Λ−1(τ, w))

• τ2|γ ∼ Γ−1
(

ν
2 , ν

γ

)
• w2

i |ξi ∼ Γ−1
(

ν
2 , ν

ξi

)
• λ ∼ Γ(αλ, βλ)

• γ ∼ Γ−1
(

1
2 , 1

τ2
0

)
• ξi ∼ Γ−1 ( 1

2 , 1
)

b ∈ Rm

x ∈ Rn

λ ∈ R

τ2 ∈ R γ ∈ R

w2 ∈ Rk ξ ∈ Rk

Details: Uribe, F., Dong, Y., & Hansen, P. C. (2023). Horseshoe priors for edge-preserving linear Bayesian inversion.
SIAM Journal on Scientific Computing
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Between Gaussians and Regularization

Efficient sampling from a Gaussian:

argmin
z∈Rn

{1
2∥Az − b̂∥2

Σ−1
e

+ 1
2∥z − µ̂∥2

Σ−1
x

}
.

Randomization:
• b̂ ∼ N (b, Σe)
• µ̂ ∼ N (µ, Σx)

Regularized Gaussian distibution:

argmin
z∈Rn

{1
2∥Az − b̂∥2

Σ−1
e

+ 1
2∥z − µ̂∥2

Σ−1
x

+ f(z)
}

.

Sparsity from regularization:

argmin
z∈Rn

{1
2∥Az − b∥2

Σ−1
e

+ f(z)
}

, e.g., f(z) = γ∥Lz∥1.
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Regularized Gaussian distribution

Implicit distribution approach:

x|b := argmin
z∈Rn


1
2∥Az − b̂∥2

Σ−1
e︸ ︷︷ ︸

likelihood

+ 1
2∥z − µ̂∥2

Σ−1
x

+ f(z)︸ ︷︷ ︸
prior

 ,

with b̂ ∼ N (b, Σe) and µ̂ ∼ N (µ, Σx).

Examples of f(z):
• γ∥z∥1 for sparsity
• χRn

≥0
(z) for constraints

• ∑l
i=1 ∥Liz − ci∥p, p ≥ 0

• maxi=1,...,l fi(z), fi ∈ C1
conv(Rn)

Advantage:
• Efficient sampling
• Flexibility (sparsity and constraints)

Disadvantage:
• Implicit distribution
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Example hierarchical model

Model: assume f is piecewise linear

• x|b, λ, δ := argminz∈Rn

{
λ
2 ∥Az − b̂∥2

Σ−1
e

+ δ2

2 ∥z − µ̂∥2
Σ−1

x
+ δf(z)

}
,

with b̂ ∼ N (b, λ−1Σe) and µ̂ ∼ N (0, δ−2Σx)
• λ ∼ Γ(αλ, βλ)
• δ ∼ MHN(αδ, βδ, −γδ), π(δ) ∝ δαδ−1 exp

(
−βδδ2 − γδδ

)
• λ|x ∼ Γ

(
m
2 + αλ, 1

2 ∥Ax − b∥2
Σ−1

e
+ βλ

)
• δ|x ∼ MHN

(
n−dim(∂f(x))

2 + αδ, 1
2 ∥x − µ∥2

Σ−1
x

+ βδ, −f(z) − γδ

)

x|b ∈ Rn

λ ∈ R

δ ∈ R
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Computational example, Gaussian deblurring in R128

• x|b, λ, δ := argminz∈Rn

{
λ
2 ∥Az − b̂∥2

2 + δ2

2 ∥L(z − µ̂)∥2
2 + 20δ∥Lz∥1

}
,

• λ ∼ Γ(1, 10−4), δ ∼ MHN(1, 10−4, −10−4)
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Computational example, Gaussian deblurring in R128

• x|b, λ, δ := argminz∈[0,1]n

{
λ
2 ∥Az − b̂∥2

2 + δ2

2 ∥L(z − µ̂)∥2
2 + 20δ∥Lz∥1

}
,

• λ ∼ Γ(1, 10−4), δ ∼ MHN(1, 10−4, −10−4)
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The convergence issue

Conditional Gaussian:
Convergence of the Markov chain with inaccurate solutions*:

xn+1 = argmin
z∈xn+Kn+1

{1
2∥Az − b̂∥2

Σ−1
e

+ 1
2∥z − µ̂∥2

Σ−1
x

}
,

due to access to an explicit density.

*Details: Féron, O., Orieux, F., & Giovannelli, J. F. (2015). Gradient scan Gibbs sampler: An efficient
algorithm for high-dimensional Gaussian distributions. IEEE Journal of Selected Topics in Signal Processing

Because we do not know the implicit density of

argmin
z∈Rn

{1
2∥Az − b̂∥2

Σ−1
e

+ 1
2∥z − µ̂∥2

Σ−1
x

+ f(z)
}

,

We do not have convergence guarantees when solving the problem inaccurately, unless...
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The convergence issue, is it an issue?

How many iterations?
Solver: ADMM
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Iterative Sample Refinement: the idea

Number of samples

So
lv

er
ite

ra
tio

ns
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Iterative Sample Refinement: technical

(Randomize-then-Optimize)-within-Gibbs:

• For i = 1, . . . , ∞ :
• Sample λi ∼ λ | xi−1, b
• Sample δi ∼ δ | xi−1, b
• Sample b̂i ∼ N (b, λ−1

i Σe)
• Sample µ̂i ∼ N (µ, δ−1

i Σx)
• Solve for xi
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Iterative Sample Refinement: technical

Randomize-then-(Optimize-within-Gibbs):

• For i = 1, . . . , : (pre-randomization)
• Sample random functions λi, δi, b̂i, µ̂i

• For i = 1, . . . , ∞
• Compute λi = λi(xi−1)
• Compute δi = δi(xi−1)
• Compute b̂i = b̂i(λi)
• Compute µ̂i = µ̂i(δi)
• Solve for xi

Replace random sampling by deterministic
function, e.g.,

replace λi ∼ λ | xi−1, b by x 7→ λi | x, b.

Examples:

λi(x) = CDF−1
Γ(α(x),β(x))(ui), ui ∼ Unif(0, 1)

b̂i(λ) = b +
√

λϵi, ϵ ∼ N (0, Σe).

Turns a Gibbs sampler into a sequence of
optimization problems.

14 27/02/2024



Iterative Sample Refinement: technical

Iterative sample refinement
• For i = 1, . . . , imax : (pre-randomization)

• Sample functions λi, δi, b̂i, µ̂i

• For k = 1, . . . , kmax

• For i = 1, . . . , imax
• Compute λi = λi(xk−1

i−1 )
• Compute δi = δi(xk−1

i−1 )
• Compute b̂i = b̂i(λi)
• Compute µ̂i = µ̂i(δi)
• Improve xk

i from xk−1
i
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e
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Iterative Sample Refinement: parallelization

Number of samples

So
lv

er
ite

ra
tio
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Iterative Sample Refinement: examples

1D Gaussian deblurring with nonnegativity constraints, solved using FISTA.
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Iterative Sample Refinement: examples

1D Gaussian deblurring with nonnegativity constraints, solved using FISTA.
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Iterative Sample Refinement: examples

1D Gaussian deblurring with horseshoe model solved using PCGLS.
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Iterative Sample Refinement: is it beneficial?
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Open questions

• Does it scale well to large scale problems?
• What is a good performance measure?
• Are there "easy" ways of tuning the setup?
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Summary

Iterative sample refinement:
A trade-off between more and/or better samples in Randomise-then-Optimise(-within-Gibbs)
samplers.

Advantages:
• Guaranteed convergence.
• Can be parallelized.

Disadvantages:
• Difficult to tune and analyse.
• Only beneficial for simple hierarchical models
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