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Gaussian priors

Ingredients: Explicit Bayesian approach:

® Forward operator A € R™*"

m(x|b) o< w(blx) 7(x)
—_— =

posterior likelihood prior

® Signal zg € R”
® Noisy measurements b = Axg + e

® |ikelihood: m(b|z) x exp (—1|Az —b||2_,
® with noise e ~ N (0, %,) (blz) ( all ”Ee )

® Gaussian prior: (z) o exp (—% |z — MHQE—l)

Massive Advantage: Disadvantage:

Posterior is a Gaussian — efficient sampling o Mo SpaEfiy
1 5 1 . ® No constraints
ofb = argmin { 5142 B2 + 12 = A3 |
zERM 2 € 2 ®

with b ~ N (b, ) and i ~ N (11, z).
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Conditional Gaussian priors
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Bayesian hierarchical approach:

m(x, 0|b) < 7(blx) w(x|0)m(0)
—— —

posterior likelihood prior beR™ z €R" 0 e Rk
® Cond. Gaussian prior:
1 2
n(al6) o< exp (~3 1z~ w(0) 3 5))
Advantage: Disadvantage:

e Efficient sampling of m(x|b, )

® Compressibility (approximately sparse)

® No constraints

® Compressibility requires large hierarchical model
(kZn)
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Example of conditional Gaussian model

Horseshoe/shrinkage model:
® blz, A ~ N(Az,\71%,)
o z|r2 w? ~ N(0, A~ (7, w)) * A~ T Br)
'T2|7NF_1(V Z) WNF_l(’

27y
oL ~T7(

)

=

c\‘l\;‘ =
N~—

1

S

(SIS

o wig; ~ T (%, ¢)

Details: Uribe, F., Dong, Y., & Hansen, P. C. (2023). Horseshoe priors for edge-preserving linear Bayesian inversion.
SIAM Journal on Scientific Computing
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Between Gaussians and Regularization

=
—
[—

i

Efficient sampling from a Gaussian:

argunin { 714z = B[Z + 12 = Alfda |

z€ER"™

Randomization:

b~ N(, %)
./lh“jv(ﬂazw)

zER™

Regularized Gaussian distibution:

1 N
avguin { 214z = B3 + 712 = Alfd + 1)}

zER™

Sparsity from regularization:

argmm{—”Az - bH2_1 + f(z )}, e.g., f(z) =~|Lz|1
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Regularized Gaussian distribution
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Implicit distribution approach:

Examples of f(z):

® v||z||1 for sparsity

1 ~ 1 ® XRrn f traint
x|b := argmin { = ||Az — b|2_1 + =z — |21 + f(2) ¢, Xrg, (2) for constraints
z€ER" 2 ¢ 2 z

likelihood

with b ~ N (b, ) and i ~ N (1, y).

prior C 2221 HLZZ - ciH:D’ p=0
C max;—=1,..1 fz(z)7 fi S C(clonv(]Rn)

Advantage:
e Efficient sampling

® Flexibility (sparsity and constraints)

Disadvantage:

® Implicit distribution
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Example hierarchical model =

Model: assume f is piecewise linear

o alb, A, 8 = axgmin, cgn { 3142 B2 + 512 — Al +67(2) ], R
with b ~ N(b,A\"1%.) and fi ~ N(0,072%,) z|b € R?

')\Nr(az\a/&J AeR

* § ~ MHN(as, 85, —7s), 7(8) o 6%~ exp (—B56% — 750)

Mz ~T (% +ax, 34z - b2, + 55)

—dim (9
o Sl ~ MEN (2=9m08) 1 o Ll — w2, + s, ~(2) — )
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Computational example, Gaussian deblurring in R!%

. 7 2 A
o z[b, \, 6 := argmin,_g. {gHAz — b2+ S Lz — )2 + 206||Lz||1} ,
o A ~T(1,107%), § ~ MHN(1,10~%, —10~%)

true signal samples
1.01
1.0
0.8 0.8
0.6 0.6
0.4 0.4
021 02
0.0
0.0 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X x

data 90% credible interval width
1.04 0.35
0.8 0.30
0.6 1 0.25
0.4 0.20
0.24 0.15
0.0 ¢ 0.10

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

X x
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Computational example, Gaussian deblurring in R!%

. N 2 A
o 2fb, A, 8 == argmin, o 1}n {gnAz — b2+ SIL(z - p))E + 20(5||Lz||1} ,

° A\ ~T(1,107%), § ~ MHN(1,1074, —10~%)
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true signal samples
1.01 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 1 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X x
data 90% credible interval width
1.04 0.3
0.8
0.6 02
0.4+
0.1
0.24
007 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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The convergence issue
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Conditional Gaussian:
Convergence of the Markov chain with inaccurate solutions*:

: 1 - 1 .
s = _argmin {314z~ B + 3l Al |,
zexn+lCn+1 2 € 2 z

due to access to an explicit density.

*Details: Féron, O., Orieux, F., & Giovannelli, J. F. (2015). Gradient scan Gibbs sampler: An efficient

algorithm for high-dimensional Gaussian distributions. IEEE Journal of Selected Topics in Signal Processing

Because we do not know the implicit density of
.1 5 1 .
arganin { 2142 — 82 + 5lle = Al + 7@
zER™ 2 e 2 @

We do not have convergence guarantees when solving the problem inaccurately, unless...
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The convergence issue, is it an issue?

How many iterations?
Solver: ADMM

median . 95%-Cl width
1.0 ' —— 10 iterations
05 —— 50 iterations
0.5 : —— 500 iterations
0.0 0.0
0 50 100 0 50 100
x x

__ 501
1034 + i = 4
2
€ 404 1
£
~ T 7 17T 71 1 z -
6x 102 ||  § 'y
1 > 301
£ | - 1
5
2 a T
4x10 & 50 Y Y |
1.0 15 2.0 2.5 3.0 1.0 15 2.0 2.5 3.0
logy (iterations) logy, (iterations)
1.0
4 [ [ ] 1.154
0.87 1 1.104
= 0.6 S 1054 | 11
(= ()
X Y L B | X
0.4 1 T 1 1.004
0.95 1
0.2
T T T T T 0901 T T T T
1.0 {I%5) 2.0 2.5 3.0 1.0 15 2.0 2.5 3.0

logy (iterations)

logy (iterations)
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Iterative Sample Refinement: the
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Solver iterations

Number of samples
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Iterative Sample Refinement: technical

(Randomize-then-Optimize)-within-Gibbs:

®sFori=1,...,00:

® Sample \; ~ A|x;—1,b

O Sample 51 ~ | .’Eifl,b

® Sample b; ~ N (b,\]'%,)
® Sample fi; ~ N(p,0; '5,)
® Solve for x;
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Iterative Sample Refinement: technical
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Randomize-then-(Optimize-within-Gibbs):

® Fori=1,...,: (pre-randomization)

® Sample random functions \;, §;, bi, iL;
*Fori=1,...,0

® Compute \; = )\i(xi,l)

® Compute §; = 51'(331‘_1)

® Compute b; = b;(\;)

® Compute fi; = f1;(d;)

® Solve for x;

Replace random sampling by deterministic
function, e.g.,

replace A\; ~ A|x;—1,b by x — \; |z, b.
Examples:

Xi(@) = CDFr ) a(ay) (Ui)s i ~ Unif(0,1)

bi(A) = b+ Ve, €~ N(0,2,).

Turns a Gibbs sampler into a sequence of
optimization problems.
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Iterative Sample Refinement: technical -
Tit+1
Iterative sample refinement ) 0 K:
=] B 1 1
®eFori=1,....,1 : (pre-randomization 3 — 3 '
) s ‘max (p X ) _§ _g : :\
® Sample functions \;, d;, b;, [i; . - L L
iterations iterations
*Fork=1,...,knax
®*Fori=1,...,0Imax i, Sample
® Compute \; = \;(zF7)) .§ 2Rl k—1
® Compute §; = §;(zF7}) o | -1 > | %
~ ~ (]
® Compute b; = b;i(\s) *i' l l
® Compute fi; = /11(51) g
k ko1 35
® Improve z; from x; 3 $§_1 N "Ef
=
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Iterative Sample Refinement: parallelization
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Solver iterations
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Iterative Sample Refinement: examples
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1D Gaussian deblurring with nonnegativity constraints, solved using FISTA.

Total iterations until convergence

Nonnegative, A = 1000, Opy,r = 0.02

103

Processors: L4
o 1
e 10 ©
e 100 )
° /
° ° /’
[ ] /
/
o oo ° /
® % '
(] /
@ e
/
liuz ° ° /
© 830 0% /
o §#
10° 10t 10? 10°

Iterations per update

lotal Iterations until convergence

3x10%

2x10°

103 4

6x10%

Nonnegative, A = 100, gpy,r = 0.02

Processors: L4
e 1
e 10
e 100 ©
® ®
o ... .. o °
.‘§ ®
0o® /
o ¢
1
° /
e ° °
0®
800800 o o /
!
[
T T T - T
10° 10* 102 10°

Iterations per update
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Iterative Sample Refinement: examples
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1D Gaussian deblurring with nonnegativity constraints, solved using FISTA.

Nonnegative, A = 1000, Op,r = 0.05

Nonnegative, A = 100, gp,r = 0.05

3x10%{ processors: L4 4x10°1 processors: L4
I o 1 g e 1
c c
] e 10 ] e 10
3x10°
S2x10®] e 100 ° g e 100
> ° >
g L g
2 L] 2
E .o E 2x10°1 @ ° ) ) e
- o / @ ®g8g
2 8%, / g Ng
e g o0
g 10° é s e ‘ooe
) : ! o)
2 ® / [ (]
® ° ° / T 8 !
8 % o8 ° 5 e oo i
® o .o‘ P L4 I
6 x 102 e eee o o 103 4 [} 4
10° 10t 10? 10° 10° 10* 102 10°
Iterations per update Iterations per update
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Iterative Sample Refinement: examples
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1D Gaussian deblurring with horseshoe model solved using PCGLS.

Horseshoe, A = 1000, opr = 0.02

Horseshoe, A = 100, opr = 0.02

° L4 L4 Processors:
I ° ° I © o 1
5 % ° o 10
3 o i g ° °
> > °
§ 10 S 104
8 ° o S 10%+ .
=] ) = ° )
< ° 5 ) )
S ) S °
@ ° ® e e’ w e
c @ c ]
] ) - o 8
=4 ./ =
°
= ° V2 = © o
o Processors: ° ° R © ) -
£ S
I e 1 © et P °® e
2 3 4
10 e 10 ° ) ® 103 e
T T T
102 102 10°
Iterations per update Iterations per update
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Iterative Sample Refinement: is it beneficial?

=
—
=

i

.g Simple hierarchical model .02)
=] =]
9] O
._% -_% Complicated hierarchical model
e} Slow solver o) Sy aalivar
iterations iterations
o Simple hierarchical model D
= =]
O ; O
SON RU Complicated hierarchical model
a a
o Fast solver o Fast solver
iterations iterations
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Open questions

® Does it scale well to large scale problems?
® What is a good performance measure?

® Are there "easy" ways of tuning the setup?
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Summary
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Iterative sample refinement:

A trade-off between more and/or better samples in Randomise-then-Optimise(-within-Gibbs)
samplers.

Advantages:
® Guaranteed convergence.

® Can be parallelized.

Disadvantages:
o Difficult to tune and analyse.

® Only beneficial for simple hierarchical models
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Papers (on regularized Gaussian distribution):
- Bayesian inference with projected densities, SIAM/ASA JUQ
- Sparse Bayesian inference with regularized Gaussian distributions, Inverse Problems
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